
§1.1 �

�5�ê�Ä�ïÄé�´�5�mÚÙm��5N�. �5�m�VgI�±��Vg

�Ä:5ïá. �!?Ø��Ä�Vg. oÑ/`, �´��ù��8Ü, Ù¥����±�\

{!~{!¦{ÚØ{$�, ¿�ù
$�÷výÏ�5�. î�½ÂXe.

½Â 1.1. �8ÜFþ�½
ü�$�, ¡�\{Ú¦{, ©OéF¥?¿ü���x, y�ÑF¥

���x+ yÚxy, ¿�÷ve�5�:

(1) é?¿x, y, z ∈ Fk

x+ y = y + x, xy = yx, (x+ y) + z = x+ (y + z), x(yz) = (xy)z, x(y + z) = xy + xz.

(2) �3ü�ØÓ���0F , 1F ∈ F÷vé?¿x ∈ Fk0F + x = x, 1Fx = x.

(3) é?¿x ∈ F , �3y ∈ F÷vx+ y = 0F , ¿��x 6= 0F�, �3z ∈ F÷vxz = 1F .

K¡8ÜF (ëÓ§þ¡�\{Ú¦{$�)����(field).

5 1.1. • \{Ú¦{$��ü�N�α, µ : F × F → F , α(x, y) = x + y, µ(x, y) = xy. ù

pF × F�F¥���kSé�¤�8Ü, =

F × F = {(x, y) | x, y ∈ F}.

l8ÜØ��Ý, kSé(x, y)�±½Â�{{x}, {x, y}}(Kuratowski, 1921), N��±½Â

�Ùã�.

• 5�(1)¥�cü�ªf©O¡�\{Ú¦{���Ç, �e5�ü�ªf©O¡�\{

Ú¦{�(ÜÇ, ����ªf¡�¦{é\{�©�Æ. d��ÇÚ(ÜÆ, é?¿k�

�x1, . . . , xn ∈ F ,L�ª
∑n

i=1 xiÚ
∏n

i=1 xik¿Â.d©�Æ, (
∑n

i=1 xi)(
∑m

j=1 yj) =
∑

i,j xiyj .

~ 1.1. • knê8Q!¢ê8RÚEê8C3ê�\{Ú¦{e´�,©O¡�knê�!¢

ê�ÚEê�.

• Q(
√

2) := {x+
√

2y | x, y ∈ Q}3ê�\{Ú¦{e´�.

• �ê8ZÚ��ê8N3ê�\{Ú¦{eØ´�.

• �p´�ê. éx ∈ Z, P

x̄ = {n ∈ Z | n ≡ x mod p},

Fp := {x̄ | x ∈ Z}.

N´wÑ, Fp = {0̄, 1̄, . . . , p− 1}. Ïd|Fp| = p. ½Â

x̄+ ȳ = x+ y, x̄ȳ = xy.

N´y²T½Âû½, ¿�Fp´�(Ì�´x̄−1�3).

• kn¼ê�f/g : Cr {k��:} → C. 2

Ún 1.1. ÷v5�(2)���0FÚ1F´���.

y². �0F , 0
′
F ∈ F÷vé?¿x ∈ Fk0F + x = x, 0′F + x = x. 31��ªf¥�x = 0′F ,

�0F +0′F = 0′F . 31��ªf¥�x = 0F ,�0′F +0F = 0F . �0F +0′F = 0′F +0F . ¤±0′F = 0F .

aq/, �1F , 1
′
F ∈ F÷vé?¿x ∈ Fk1Fx = x, 1′Fx = x. 31��ªf¥�x = 1′F ,

�1F 1′F = 1′F . 31��ªf¥�x = 1F , �1′F 1F = 1F . �1F 1′F = 1′F 1F . ¤±1′F = 1F . 2

÷v5�(2)�����0FÚ1F©O¡�F¥�"��Ú���.�ÃÜÂ�,©OP�0Ú1.
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d�I�5¿, §���¿Ø´ý��ê, �´F¥�ü�AÏ��, ©O^“0”Ú“1”ùü�P

Ò5L«.

Ún 1.2. (1) é?¿x ∈ F , ÷v5�(3)���y´���.

(2) é?¿x ∈ F r {0}, ÷v5�(3)���z´���.

y². (1) �y, y′ ∈ F÷vx+ y = x+ y′ = 0. K

y′ = 0 + y′ = (y + x) + y′ = y + (x+ y′) = y + 0 = y.

(2) �z, z′ ∈ F÷vxz = xz′ = 1. K

z′ = 1z′ = (zx)z′ = z(xz′) = z1 = z.

2

éx ∈ F , ÷vx + y = 0�����y ∈ F¡�x3F¥�K��, P�−x. �x 6= 0�, ÷

vxz = 1�����z ∈ F¡�x3F¥�_��, P�x−1. ·��±rùp�KÒÀ��K�

��ö�, r�_ÎÒÀ��_���ö�, =�ÄN�

F → F, x 7→ −x, F r {0} → F, x 7→ x−1.

u´, /X−(−x) Ú−x−1�L�ªk¿Â. ·�½Â~{ÚØ{$��

x− y = x+ (−y), x/y = xy−1 (y 6= 0).

·K 1.3. �½�F .

(1) (\{��Æ)�x, y, z ∈ F . XJx+ z = y + z, Kx = y.

(2) é?¿x ∈ Fk0x = 0.

(3) �x, y ∈ F÷vxy = 0. Kx = 0½y = 0.

y². (1) ü>Ó�\þ−z, �

(x+ z) + (−z) = (y + z) + (−z).



(x+ z) + (−z) = x+ (z + (−z)) = x+ 0 = x.

aq/,

(y + z) + (−z) = y.

Ïdx = y.

(2) 5¿�0 + 0 = 0. Ïd(0 + 0)x = 0x. ùíÑ0x+ 0x = 0x+ 0. d(1)�0x = 0.

(3) ex 6= 0, Kx−1(xy) = (x−1x)y = 1y = y. ,��¡, d(2)kx−1(xy) = x−10 = 0. Ï

dy = 0. 2

5 1.2. 3��½Â¥, ·��¦1 6= 0. l�¥��kü���. XJØ�d�¦, �1 = 0�,

dþ¡·K¥�(2)(Ùy²vk^�1 6= 0), é?¿x ∈ Fkx = 1x = 0x = 0. ÏdF = {0}. ½
Â¥��¦=´�
üØKù«�¹.

½Â 1.2. �F�f8F ′¡�F�f�(subfield), XJ

(1) 0F , 1F ∈ F ′,

(2) x, y ∈ F ′ =⇒ x+ y,−x, xy, x−1(�x 6= 0�) ∈ F ′.

5¿�f�´�.
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~ 1.2. Q,R,Q(
√

2)Ñ´C�f�.

én ∈ N, PnF =

n�︷ ︸︸ ︷
1F + · · ·+ 1F . N´wÑ, é?¿m,n ∈ N ∪ {0}k

(m+ n)F = mF + nF , (mn)F = mFnF .

½Â 1.3. éu�F , ÙA�(characteristic) char(F ) ½ÂXe: XJé?¿n ∈ NknF 6= 0F , K

½Âchar(F ) = 0; ÄK, ½Â

char(F ) = min{n ∈ N | nF = 0F }.

·K 1.4. b�p = char(F ) 6= 0. K

(1) p��ê.

(2) én ∈ NknF = 0F ⇐⇒ p | n.

y². (1) b�pØ´�ê. 5¿�p ≥ 2. u´�3r, s ∈ {2, . . . , n − 1}÷vn = rs. ùí

ÑrF sF = nF = 0F . ,��¡, dA�½Â�rF , sF 6= 0F , lrF sF 6= 0F . gñ.

(2) “⇐=”. �n = pq. KnF = pF qF = 0F qF = 0F .

“=⇒”. �n = dp+ r, 0 ≤ r < p. K0F = nF = dF pF + rF = dF 0F + rF = rF . ùíÑr = 0,

=p | n. 2

·K 1.5. �F ′´�F�f�. Kchar(F ′) = char(F ).

y². 5¿�é?¿n ∈ N ∪ {0}knF = nF ′ . ÏdnF = 0F ⇐⇒ nF ′ = 0F ′ . 2

~ 1.3. R,C,Q�A��0, Fp�A��p.

én ∈ NÚx ∈ F , ½Â

nx :=

n�︷ ︸︸ ︷
x+ · · ·+ x =

n�︷ ︸︸ ︷
1Fx+ · · ·+ 1Fx = (

n�︷ ︸︸ ︷
1F + · · ·+ 1F )x = nFx.

5¿n1F = nF . due¡�·K, k�·�I�rA��0���A��"��«Oé�.

·K 1.6. (1) XJchar(F ) = 0, Knx = 0F =⇒ x = 0F .

(2) XJchar(F ) = p > 0¿�p - n, Knx = 0F =⇒ x = 0F .

(3) XJchar(F ) = p > 0¿�p | n, Ké?¿x ∈ Fknx = 0F .

y². (1)+(2) nx = 0F ⇐⇒ nFx = 0F . 3(1)Ú(2)�^�eknF 6= 0F . Ïdx = 0F .

(3) d�oknF = 0. Ïdnx = nFx = 0. 2

éun ∈ N, a ∈ F , XJnF 6= 0F , ½Â 1
na := n−1F a. �char(F ) = 0�, 1

nao´k½Â�.

�char(F ) = p > 0 �, 1
nak½Â�¿�^�´p - n. N´wÑ, éùü«�¹, 'ux ∈ F��

§nx = ak��)x = 1
na.

SK 1.1. �F´�.

1. (¦{��Æ)�x, y, z ∈ F¿�z 6= 0. b�xz = yz. y²x = y.

2. y²N�ϕ : F → F , ϕ(x) = −xQüq÷, ¿�ϕ−1 = ϕ.

3. y²é?¿x ∈ F r {0}kx−1 6= 0, N�ψ : F r {0} → F r {0}, ψ(x) = x−1Qüq÷, ¿

�ψ−1 = ψ.
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4. y²é?¿x ∈ Fk(−1)x = −x.

5. y²é?¿x ∈ F r {0}k(−x)−1 = −(x−1).

6. y²é?¿x, y ∈ Fk(−x)y = x(−y) = −(xy), (−x)(−y) = xy.

7. �yFp3�þ½Â�\{Ú¦{$�e´�.

8. éx ∈ FÚn ∈ N, ½Â0x = 0F , (−n)x = n(−x). y²é?¿x ∈ FÚm,n ∈ Zk

(m+ n)x = mx+ nx, n(x+ y) = nx+ ny, m(nx) = (mn)x, (mx)(ny) = (mn)(xy).

9. éx ∈ FÚn ∈ N, ½Âxn =

n�︷ ︸︸ ︷
x · · ·x. éx 6= 0FÚn ∈ N, ?�Ú½Âx0 = 1F , x−n = (x−1)n.

y²é?¿x ∈ F r {0F }Úm,n ∈ Zk

xmxn = xm+n, (xm)n = xmn, (xy)n = xnyn.

10. y²é?¿n ∈ Zk(−1F )2n = 1F , (−1F )2n+1 = −1F .

11. �char(F ) = p 6= 0. y²(x+ y)p = xp + yp,∀x, y ∈ F .

12. �F´k��, |F | = q. y²é?¿x ∈ Fkxq = x. (J«: éx ∈ F r {0}, N�F r {0} →
F r {0}, y 7→ xy=üq÷, ¤±

∏
y∈Fr{0} xy =

∏
y∈Fr{0} y, Ïdxq−1 = 1.)
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