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§6.1 é�z

Ø��ÑAO`², ·�o´b½F´?¿���, V´Fþ�k���5�m. ·��Ä

e¡�¯K:

• �½�5C�T ∈ L(V ), ÏéV�kSÄB, ¦�Ý
[T ]B¦þ{ü.

• �½Ý
A ∈ Fn×n, Ïé�_Ý
P ∈ GLn(F ), ¦�Ý
P−1AP¦þ{ü.

Ý
[T ]BÚP−1AP�{ü, 'uTÚA�éõ¯K(~X¦�!1�ª!Ø!�8�)Ò�N´£

�.

ùü�¯K3��þ´Ó��¯K. ¯¢þ, T3V�¤kkSÄe�Ý
�¤���q�

da. ·�ÀJé�5C�?Ø¯K.éuÝ
A��¹,·�ré�5C��(JA^�LA5

£�.

·�kr“{ü”�Ý
��é�Ý
.

½Â 6.1. (1) XJT ∈ L(V )3V�,�kSÄe�Ý
´é�Ý
, K¡T´�é�z�.

(2) XJA ∈ Fn×n�qué�Ý
, K¡A´�é�z�.

N´wÑ, A�é�z⇐⇒LA�é�z.

´Äz�To�é�z? XJØ´, XÛ�äT´Ä�é�z? ·�Ú\e¡�Vg.

½Â 6.2. �T ∈ L(V ). éuc ∈ F , ·�P

Vc := Ker(c idV − T ) = {α ∈ V | Tα = cα}.

XJVc 6= {0}, K¡c´T�A��(eigenvalue), Vc´T'uA��c�A�f�m(eigenspace),

Vc¥��"�þ´T'uA��c�A��þ(eigenvector). T�A���8Ü¡�T�Ì(spectrum),

P�σ(T ).

·K 6.1. �T ∈ L(V ), B´V�kSÄ. K[T ]B´é�Ý
⇐⇒ B¥��þÑ´T�A��þ.

Ïd, T�é�z⇐⇒�3dT�A��þ�¤�Ä.

y². �B = {α1, . . . , αn}, A = [T ]B. K

Tαj =

n∑
i=1

Aijαi.

Ïd, [T ]B´é�Ý
⇐⇒�3cj ∈ F¦�Tαj = cjαj ⇐⇒z�αj´T�A��þ. 2

éuÝ
, ·�Ú\aq�Vg.

½Â 6.3. �A ∈ Fn×n. éuc ∈ F , �ÄFn×1�f�m

Ker(cI −A) = {X ∈ Fn×1 | AX = cX}.

XJKer(cI −A) 6= {0}, K¡c´A�A��, Ker(cI −A)´A'uA��c�A�f�m, Ù¥�

�"�þ´A'uA��c�A��þ. A�A���8Ü¡�A�Ì, P�σ(A).

e¡?ØÏéA����{.
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Ún 6.2. (1) �T ∈ L(V ). K

σ(T ) = {c ∈ F | det(c idV − T ) = 0}.

(2) �A ∈ Fn×n. K

σ(A) = {c ∈ F | det(cI −A) = 0}.

y². (1) c ∈ σ(T )⇐⇒ Ker(c idV − T ) 6= 0⇐⇒ c idV − TØ�_⇐⇒ det(c idV − T ) = 0.

(2) 3(1)¥�T = LA. 2

N´wÑ,N�F → F , c 7→ det(c idV −T )´õ�ª¼ê,A��=�§�“�”. ùéu·�

�Ä“õ�ª”f = det(x idV − T ). �´, �â·�éõ�ª�½Â, x´�½�, ¿Ø´�F¥�

��. ù�, L�ªx idV − T´vk¿Â�. ¯¢þ, XJF´k��, ÷vé?¿c ∈ Fkf(c) =

det(c idV − T )�õ�ªf¿Ø��. ·�|^Ý
5)ûù�¯K1.

½Â 6.4. �A ∈ Fn×n. �ÄxI −A ∈ F (x)n×n(ùpF (x)�N¹). ·�¡

fA := det(xI −A) ∈ F [x]

�A�A�õ�ª(characteristic polynomial).

N´wÑ, Ý
�A�õ�ªäke¡�5�:

• fA�Ä�Xê´1(ù´·��xI−AØ´A−xI��Ï), deg fA = n,~ê��(−1)n det(A),

xn−1�Xê�−tr(A).

• A�A��=�fA��. Ïd|σ(A)| ≤ n.

• �q�Ý
k�Ó�A�õ�ª. ¯¢þ, eB = P−1AP , KxI − B = P−1(xI − A)P , Ï

dxI −B�xI −A�1�ª��.

• �±y²AB�BAk�Ó�A�õ�ª:[
xI A

B I

][
I 0

−B xI

]
=

[
xI −AB xA

0 xI

]
,[

I 0

−B xI

][
xI A

B I

]
=

[
xI A

0 xI −BA

]
,

Ïdxn det(xI − AB) = xn det(xI − BA). ��±ù�y²: �A = P

[
Ir 0

0 0

]
Q, P,Q�_.

�B = Q−1

[
B11 B12

B21 B22

]
P−1. K

AB = P

[
B11 B12

0 0

]
P−1, BA = Q−1

[
B11 0

B21 0

]
Q.

u´fAB = fBA = xn−rfB11
.

½Â 6.5. �T ∈ L(V ), B´V�kSÄ. ½ÂT�A�õ�ª�fT = f[T ]B .

éuØÓ�B, [T ]B´�q�, lk�Ó�f[T ]B . ÏdfT�½ÂØ�6uB�À�. ·�

k:

• fT�Ä�Xê´1, deg fT = dimV .

1,�)ûå»Xe: �ÄÜþÈV ⊗F F (x), §´�F (x)þ��5�m, x id − T�±À�V ⊗F F (x)þ��

5C�, u´�±½ÂT�A�õ�ª�fT = det(x id− T ).
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• duσ(T ) = σ([T ]B), ¤±T�A��Ò´fT��, Ïd|σ(T )| ≤ dimV .

• XJT�é�z, [T ]B = diag(c1, . . . , cn), KfT = (x− c1) · · · (x− cn). Ïdé�Ý
[T ]B�

é��3���ü��¿Âe�Tû½. ,��¡, ÏLN�kSÄB¥�þ�ü�, �±

��é�Ý
[T ]B�é���?¿ü�.

�
?ØA�f�m�5�, ·��\'u�Ú�Ü©SN(��á§6.6). �V1, . . . , Vk´

�Fþ��5�m(�±´Ã¡��). �Ä8Ü

V1 × · · · × Vk := {(α1, . . . , αk) | αi ∈ Vi}.

ùp(α1, . . . , αk)��þ�n�kS|. î�/`, §�N�{1, . . . , k} →
⋃k
i=1 Vi, i 7→ αi. 3V1 ×

· · · × Vkþ½Â\{ÚXþ¦{�

(α1, . . . , αk) + (β1, . . . , βk) = (α1 + β1, . . . , αk + βk),

c(α1, . . . , αk) = (cα1, . . . , cαk).

KV1 × · · · × Vk¤��Fþ��5�m, ¡�V1, . . . , Vk�	�Ú(external direct sum), P�V1 ⊕
· · · ⊕ Vk½

⊕k
i=1 Vi. é?¿i, �Äü�5N�

τi : Vi →
k⊕
i=1

Vi, τi(αi) = (0, . . . , αi, . . . , 0). (6.1)

Ún 6.3. XJBi´Vi�Ä,K
⋃k
i=1 τi(Bi)´

⊕k
i=1 Vi�Ä.lXJdimVi <∞,Kdim

⊕k
i=1 Vi <

∞, ¿�

dim

k⊕
i=1

Vi =

k∑
i=1

dimVi.

y². Äk, é?¿(α1, . . . , αk) ∈
⊕k

i=1 Vi, duαi ∈ spanBi, ¤±τi(αi) ∈ span τi(Bi), l

(α1, . . . , αk) =

k∑
i=1

τi(αi) ∈ span

k⋃
i=1

τi(Bi).

Ïd
⋃k
i=1 τi(Bi))¤��m. Ùg, XJαij ∈ Bi, ¿�k��5|Ü

∑k
i=1

∑
j cijτi(αij) = 0, d

u
k∑
i=1

∑
j

cijτi(αij) =

k∑
i=1

τi

∑
j

cijαij

 =

∑
j

c1jα1j , . . . ,
∑
j

ckjαkj

 ,

¤±
∑
j cijαij = 0, lcij = 0. Ïd

⋃k
i=1 τi(Bi)�5Ã'. 2

y3�V1, . . . , Vk´�Fþ��5�mV�f�m. �Äl	�Ú
⊕k

i=1 Vi�V��5N�

Φ :

k⊕
i=1

Vi → V, (α1, . . . , αk) 7→
k∑
i=1

αi.

N´wÑ, Im(Φ) =
∑k
i=1 Vi. XJΦ´üN�, K¡f�mV1, . . . , Vk´Ã'�, ¿¡§��

Ú
∑k
i=1 Vi�V1, . . . , Vk�S�Ú(internal direct sum). d�, Φp�
	�Ú�S�Ú�m��

5Ó�
k⊕
i=1

Vi ∼=
k∑
i=1

Vi. (6.2)

Ún 6.4. �V1, . . . , Vk ⊂ V´f�m. ±eäó�d:

(1) V1, . . . , VkÃ'.

(2) αi ∈ Vi,
∑k
i=1 αi = 0 =⇒ αi = 0.
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(3) é?¿2 ≤ i ≤ kkVi ∩ (V1 + · · ·+ Vi−1) = {0}.

(4) ?�Vi�ÄBi, okB1, . . . ,BkpØ��, ¿�
⋃k
i=1 Bi´

∑k
i=1 Vi�Ä.

XJdimV <∞, K§���du

(5) dim
∑k
i=1 Vi =

∑k
i=1 dimVi.

y². “(1)⇐⇒(2)”. w,.

“(1)=⇒(3)”. �α ∈ Vi∩(V1+· · ·+Vi−1). K�3α1 ∈ V1, . . . , αi−1 ∈ Vi−1¦α = α1+· · ·+αi−1,

=Φ(α1, . . . , αi−1,−α, 0, . . . , 0) = 0. duΦ´ü�, ¤±α = 0.

“(3)=⇒(2)”. �αi ∈ Vi,
∑k
i=1 αi = 0. XJ,�αi 6= 0,����Ii0¦αi0 6= 0. Ki0 ≥ 2,¿

�

αi0 = −
i0−1∑
i=1

αi ∈ Vi0 ∩ (V1 + · · ·+ Vi0−1) = {0},

gñ. Ïd¤kαi = 0.

“(1)⇐⇒(4)”. 5¿Φr
⋃k
i=1 τi(Bi)N�

⋃k
i=1 Bi. ¤±Φü⇐⇒B1, . . . ,BkpØ��¿�

⋃k
i=1 Bi�

5Ã'.

“(1)⇐⇒(5)”. ·�ok

dim

k∑
i=1

Vi = dim Im(Φ) = dim

k⊕
i=1

Vi − dim Ker(Φ) =

k∑
i=1

dimVi − dim Ker(Φ).

ÏdΦü⇐⇒(5)¤á. 2

5¿�k = 2�, V1�V2Ã'⇐⇒ V1∩V2 = {0};�k > 2�, V1, . . . , VkÃ'=⇒
⋂k
i=1 Vi = {0},

��L5Øé.

S�Ú�	�Úk�~;��éX.Äk,�½�5�mV1, . . . , Vk,·��±|^(6.1)¥½

Â�üN�rαi ∈ Vi�(0, . . . , αi, . . . , 0) ∈
⊕k

i=1 Vi�Óå5,lrViÀ�
⊕k

i=1 Vi�f�m. ù

�, ·�k(α1, . . . , αk) =
∑k
i=1 αi. 5¿�

∑k
i=1 αi = 0 =⇒ αi = 0, =f�mV1, . . . , Vk´Ã'�,

¿�
⊕k

i=1 Vi =
∑k
i=1 Vi. Ïd, 3ù�*:e, 	�Ú

⊕k
i=1 Vi¤�§�f�mV1, . . . , Vk�S�

Ú.,��¡,�½�5�mV�Ã'�f�mV1, . . . , Vk,Ó�(6.2)`²S�Ú
∑k
i=1 Vi¥�?¿

�þα�±��©)¤α =
∑k
i=1 αi, αi ∈ Vi. ·�|^Ó�(6.2)rα�(α1, . . . , αk)�Óå5, l

rS�Ú
∑k
i=1 Vi�Ó�	�Ú

⊕k
i=1 Vi. Äuþã�Ï,·�rS�Ú

∑k
i=1 Vi�P�

⊕k
i=1 Vi,

¿�3vkÜÂ��¹e, rS�Ú�	�ÚÑ{¡��Ú.

~ 6.1. �charF 6= 2, V = Fn×n,

V1 = {A ∈ Fn×n | At = A}, (é¡Ý
)

V2 = {A ∈ Fn×n | At +A = 0}. (�é¡Ý
)

KV1 ∩ V2 = {0}, lV1 + V2´�Ú. ·�äóV = V1 ⊕ V2. ¯¢þ, é?¿A ∈ Vk

A1 =
1

2
(A+At) ∈ V1, A2 =

1

2
(A−At) ∈ V2,

¿�A = A1 +A2. 2

~ 6.2. �{α1, . . . , αn}´V�Ä. PVi = span{αi}. KV =
⊕n

i=1 Vi. 2

e¡·�UYb�dimV < ∞. �T ∈ L(V ). V�f�mW¡�´T�ØCf�m, X

JT (W ) ⊂W . ~X, Ker(T )ÚIm(T )´ØCf�m.
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·K 6.5. �T ∈ L(V ). KT�é�z⇐⇒ V�±©)¤��ØCf�m��Ú.

y². “=⇒”. �T�é�z. K�3dT�A��þ�¤�Ä{α1, . . . , αn}. u´Vi = span{αi}´
��ØCf�m, ¿�V =

⊕n
i=1 Vi.

“⇐=”. �V�±©)¤��ØCf�m��ÚV =
⊕n

i=1 Vi. �αi ∈ Vi r {0}. Kαi´A�
�þ, ¿�{α1, . . . , αn}´V�Ä. ÏdT�é�z. 2

A�f�m���Ä�5�Xe.

·K 6.6. �T ∈ L(V ). KA�f�m{Vc | c ∈ σ(T )}´Ã'�. u´, �±�Ä�Ú
⊕

c∈σ(T ) Vc.

y². �σ(T ) = {c1, . . . , ck}. dLagrange��úª, �3f1, . . . , fk ∈ F [x]÷vfj(ci) = δij .

�αi ∈ Vci ,
∑k
i=1 αi = 0. ü>�fj(T )�

0 =

k∑
i=1

fj(T )αi =

k∑
i=1

fj(ci)αi = αj .

2

éuf ∈ F [x], ·�rf��c�êP�m(c, f). e¡´A�f�m�,��Ä�5�.

·K 6.7. �T ∈ L(V ), c ∈ σ(T ). K

1 ≤ dimVc ≤ m(c, fT ).

y². w,dimVc ≥ 1. �Vc�kSÄ{α1, . . . , αd}, ¿*¿�V�kSÄB = {α1, . . . , αn}. du

�1 ≤ j ≤ d�kTαj = cαj , ¤±[T ]B/X

[
cId B

0 D

]
, ùpB ∈ F d×(n−d), D ∈ F (n−d)×(n−d). Ï

d

fT = f[T ]B = det

(
xIn −

[
cId B

0 D

])
= det

[
(x− c)Id −B

0 xIn−d −D

]
= det((x− c)Id) det(xIn−d −D) = (x− c)dfD.

Ïdm(c, fT ) ≥ d. 2

m(c, fT )ÚdimVc©O¡�T�A��c��êêÚAÛê.

e¡·�?Ø�5N��é�z�^�.

½n 6.8. �T ∈ L(V ). ±eØä�d:

(1) T�é�z.

(2) V =
⊕

c∈σ(T ) Vc.

(3) dimV =
∑
c∈σ(T ) dimVc.

(4) fT =
∏
c∈σ(T )(x− c)dimVc .

y². “(1)⇐⇒(2)”.

T�é�z⇐⇒�3dT�A��þ�¤�Ä⇐⇒
⊕

c∈σ(T )

Vc = V.

“(2)=⇒(4)”. �σ(T ) = {c1, . . . , ck}, ¿Pdi = dimVci . �Bi = {αi1, . . . , αidi}´Vci�k
SÄ. KB = {α11, . . . , α1d1 , . . . , αk1, . . . , αkdk}´V�kSÄ. duTαij = ciαij , ¤±[T ]B =

diag(c1Id1 , . . . , ckIdk). ÏdfT = f[T ]B = (x− c1)d1 · · · (x− ck)dk .

“(4)=⇒(3)”. dimV = deg fT =
∑
c∈σ(T ) dimVc.
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“(3)=⇒(2)”. dim
⊕

c∈σ(T ) Vc =
∑
c∈σ(T ) dimVc = dimV . ÏdV =

⊕
c∈σ(T ) Vc. 2

íØ 6.9. �T ∈ L(V ). ±eØä�d:

(1) T�é�z.

(2) fT�±©)��gª�¦È, ¿�?¿A����êê�uAÛê.

(3) fT�±©)��gª�¦È, ¿�?¿�êê�u1�A����êê�uAÛê.

AO/, XJ|σ(T )| = dimV , KT�é�z.

y². “(1)⇐⇒(2)”Ú“(2)=⇒(3)”. w,.

“(3)=⇒(2)”. �I5¿��m(c, fT ) = 1�, d·K6.7okdimVc = 1.

XJ|σ(T )| = dimV , KfT�±©)��gª�¦È¿�Ã�, lT�é�z. 2

íØ 6.10. �A ∈ Fn×n.

(1) A�é�z⇐⇒ fA�±©)��gª�¦È, ¿�?¿�êê�u1�A��c��ê

ê�uÙAÛêdim Ker(cI −A). AO/, XJ|σ(A)| = n, KA�é�z.

(2) �A�é�z�, XJfA = (x− c1)d1 · · · (x− ck)dk , {αi1, . . . , αidi}´Ker(ciI −A)�Ä, KÝ


P = [α11, . . . , α1d1 , . . . , αk1, . . . , αkdk ] ∈ Fn×n�_, ¿�

P−1AP = diag(c1Id1 , . . . , ckIdk).

y². 3íØ6.9¥�T = LA=�(1). �(2)�^�¤á�, duFn×1 =
⊕k

i=1 Ker(ciI − A), ¤

±P���þ�¤Fn×1�Ä, ÏdP�_. duAαij = ciαij , ¤±

AP = [Aα11, . . . , Aα1d1 , . . . , Aαk1, . . . , Aαkdk ]

= [c1α11, . . . , c1α1d1 , . . . , ckαk1, . . . , ckαkdk ]

= P diag(c1Id1 , . . . , ckIdk),

=P−1AP = diag(c1Id1 , . . . , ckIdk). 2

5¿AØ�é�z�Udü��Ï��:

• XJfAØU©)��gª�¦È, KAØ�é�z. (�±ÏL*�F5)û)

• XJ,A���AÛê�u�êê,=A��þØv±�¤�m�Ä,KAØ�é�z.

(ØUÏL*�F5)û,���)

XJF´�ê4�, K1���ÏØ¬Ñy.

~ 6.3. �A =

[
cos θ − sin θ

sin θ cos θ

]
∈ R2×2, Ù¥θ ∈ Rr πZ. K

fA = det(xI −A) = det

[
x− cos θ sin θ

− sin θ x− cos θ

]
= x2 − (2 cos θ)x+ 1.

N´wÑ, fAÃ¢�. ¤±A(3Rþ)Ø�é�z.

XJÀA ∈ C2×2, Kσ(A) = {eiθ, e−iθ}, |σ(A)| = 2, ¤±A3Cþ�é�z. 'uA�

�eiθÚe−iθ�A�f�m

Ker(eiθI −A) = Ker

[
i sin θ sin θ

− sin θ i sin θ

]
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Ú

Ker(e−iθI −A) = Ker

[
−i sin θ sin θ

− sin θ −i sin θ

]
©OkÄ {

α1 =

[
1

−i

]}
,

{
α2 =

[
1

i

]}
.

�

P = [α1, α2] =

[
1 1

−i i

]
.

K

P−1AP = diag(eiθ, e−iθ).

5¿P�θÃ'. 2

~ 6.4. �A =


λ a b

0 λ c

0 0 λ

 ∈ R3×3, ùpλ, a, b, c ∈ R¿�a, b, cØ��0. K

fA = det(xI −A) = det


x− λ −a −b

0 x− λ −c
0 0 x− λ

 = (x− λ)3.

Ïdσ(A) = {λ}. A��λ��êê´3, AÛê´

dim Ker(λI −A) = dim Ker


0 −a −b
0 0 −c
0 0 0

 = 3− rank


0 −a −b
0 0 −c
0 0 0

 < 3.

¤±AØ�é�z. ¿�=¦ÀA ∈ C3×3, §�Ø�é�z. 2

~ 6.5. �A =


5 −6 −6

−1 4 2

3 −6 −4

 ∈ R3×3. K

fA = det(xI −A) = det


x− 5 6 6

1 x− 4 −2

−3 6 x+ 4

 = (x− 1)(x− 2)2.

Ïdσ(A) = {1, 2}. A��2��êê´2, AÛê´

dim Ker(2I −A) = dim Ker


−3 6 6

1 −2 −2

−3 6 6

 = 3− rank


−3 6 6

1 −2 −2

−3 6 6

 = 2.

¤±A�é�z. 'uA��1Ú2�A�f�m

Ker(I −A) = Ker


−4 6 6

1 −3 −2

−3 6 5
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Ú

Ker(2I −A) = Ker


−3 6 6

1 −2 −2

−3 6 6


©OkÄ α1 =


3

−1

3


 ,

α2 =


2

1

0

 , α3 =


2

0

1


 .

�

P = [α1, α2, α3] =


3 2 2

−1 1 0

3 0 1

 .
K

P−1AP = diag(1, 2, 2).

2

N¹: kn¼ê�F (x).

�Ä8Ü

F [x]× (F [x] r {0}) = {(f, g) | f, g ∈ F [x], g 6= 0}

þ�'X: (f1, g1) ∼ (f2, g2)⇐⇒ f1g2 = f2g1. N´�y§´�d'X:

• (f, g) ∼ (f, g),

• (f1, g1) ∼ (f2, g2) =⇒ (f2, g2) ∼ (f1, g1),

• (f1, g1) ∼ (f2, g2), (f2, g2) ∼ (f3, g3) =⇒ (f1, g1) ∼ (f3, g3).

PF (x)��da�8Ü, ¿r(f, g)¤3��daP� f
g . 5¿� f1

g1
= f2

g2
⇐⇒ f1g2 = f2g1.

3F (x)¥½Â\{Ú¦{$��
f1

g1
+
f2

g2
=
f1g2 + f2g1

g1g2
,

f1

g1
· f2

g2
=
f1f2

g1g2
.

KF (x)�¤���, ¡�FXê�kn¼ê�. Ù¥�"��� 0
1 , ���� 1

1 , f
g�K���

−f
g ,

f
g (f 6= 0)�_��� g

f . �, f
g¶�“kn¼ê”, ·�¿Ør§w¤¼ê. ÏLrf ∈ F [x]�Ó

u f
1 ∈ F (x),·�rF [x]w¤F (x)�f8. ù��Ó´�±\{Ú¦{$��,ÏdF [x]´F (x)�

f�, F´F (x)�f�.

§6.2 Cayley-Hamilton½n

½n 6.11(Cayley-Hamilton). �V´�Fþ�k���5�m, T ∈ L(V ). KfT (T ) = 0.

íØ 6.12. �A ∈ Fn×n. KfA(A) = 0

½n6.11=⇒íØ6.12�y². LfA(A) = fA(LA) = fLA(LA) = 0 =⇒ fA(A) = 0. 2

5 6.1. • N´wÑ, íØ6.12=⇒½n6.11.

• íØ��Øy²: fA(A) = det(AI −A) = det(0) = 0.

�
y²½n6.11, ·�|^�þ���óä.
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½Â 6.6. �8ÜRþ�½
ü�$�, ¡�\{Ú¦{, ©OéR¥?¿ü���x, y�ÑR¥

���x+ yÚxy, ¿�÷vXe5�:

(1) Ré\{$��¤��+, =:

– é?¿x, y ∈ Rkx+ y = y + x.

– é?¿x, y, z ∈ Rkx+ (y + z) = (x+ y) + z.

– 3R¥�3�����, ¡�"��¿P�0, ÷v0 + x = xé?¿x ∈ R¤á.

– é?¿x ∈ R, �3���(−x) ∈ R, ¡�x�K��, ÷vx+ (−x) = 0.

(2) é?¿x, y, z ∈ Rkx(yz) = (xy)z, x(y + z) = xy + xz, (y + z)x = yx+ zx.

K¡8ÜR(ëÓ§þ¡�\{Ú¦{$�)��.XJ�R¥�¦{$�´���,=é?¿x, y ∈
Rkxy = yx, K¡R����. XJ3�R¥�3�����, ¡����¿P�1, ÷v1x =

x1 = xé?¿x ∈ R¤á, K¡R�N�.

XJA´�Fþ��ê(~XFn×n, L(V ), F [x]), KA´�.

·�Ì��Ä��N�. 5¿·�#N1 = 0, =R = {0}��¹(ùÌ�´Ï�·�F"�

�N��K¤kn�(�)Rg�)�´��N�, �??). Ød�	, ��N������«O3

u�"��3¦{$�e�_��Ø�½�3. �Ò´`:

• �´��N�.

• 3��N�R¥, XJ1 6= 0, ¿�é?¿x ∈ R r {0}, �3���x−1 ∈ R÷vxx−1 = 1,

KR´�.

~X, �ê�Z´��N��Ø´�. �Fþ�õ�ª�F [x]´��N��Ø´�.

�R´��N�.PRm×n�Ý
�3R¥�m×nÝ
�8Ü.éA,B ∈ Rm×n,½ÂA+B ∈
Rm×n�

(A+B)ij = Aij +Bij .

éA ∈ Rm×n, B ∈ Rn×p, ½ÂAB ∈ Rm×p�

(AB)ij =

n∑
k=1

AikBkj .

K

A(B + C) = AB +AC, A(BC) = (AB)C, . . .

½Â 6.7. �½��N�R. �éu8ÜV , �½
Xeü�$�:

• \{$�V × V → V , (α1, α2) 7→ α1 + α2, ¦V¤���+.

• ¦{$�R× V → V , (c, α) 7→ cα, ÷v

(c1 + c2)α = c1α+ c2α, c(α1 + α2) = cα1 + cα2, (c1c2)α = c1(c2α), 1α = α

é?¿c, c1, c2 ∈ RÚα, α1, α2 ∈ V¤á.

K¡8ÜV (ëÓùü�$�)�Rþ��(½R-�).

~XRn, Rn×1, Rm×n3g,½Â�\{Ú¦{$�e´R-�. 5¿XJF´�,KF -�⇐⇒
F -�5�m.

~ 6.6. �G´��+, +$��\{. KGg,¤�Z-�. ùpnx = x+ · · ·+ x(n�). 2

e¡�~fé·�´���.
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~ 6.7. �V´�Fþ��5�m, T ∈ L(V ). ½Â¦{F [x] × V → V�(f, α) 7→ fα = f(T )α.

KV¤�F [x]-�. ±�·�3�Ä�5�m�g���5N��, Ó��Äù��(�´kÐ

?�. 2

5 6.2. ¯¢þV´L(V )-�. Vþ�F [x]-�(�d�Ó�F [x]→ L(V ), f 7→ f(T )p�.

�V���N�Rþ��. ·�½Â/ªÝ
¦{V n ×Rn×p → V p�

(α1, . . . , αn)A = (β1, . . . , βp),

Ù¥

βj =

n∑
i=1

Aijαi.

N´�ye¡�¦{(ÜÆ:

[(α1, . . . , αn)A]B = (β1, . . . , βp)(AB), ∀(α1, . . . , αn) ∈ V n, A ∈ Rn×p, B ∈ Rp×q.

½n6.11�y². �V�kSÄB = {α1, . . . , αn}, ¿�A = [T ]B. ÀV�F [x]-�, =éf ∈ F [x],

α ∈ V½Âfα = f(T )α. K

(α1, . . . , αn)A = (Tα1, . . . , Tαn) = (xα1, . . . , xαn) = (α1, . . . , αn)xIn,

=

(α1, . . . , αn)(xIn −A) = (0, . . . , 0).

,��¡, �3Ý
B ∈ F [x]n×n¦�

(xIn −A)B = det(xIn −A)In = fT In.

¯¢þ, �B = adj(xIn −A)(��Ý
, ={ÏfÝ
�=�)=�. u´,

[(α1, . . . , αn)(xIn −A)]B = (0, . . . , 0)

‖
(α1, . . . , αn)[(xIn −A)B] = (α1, . . . , αn)fT In = (fTα1, . . . , fTαn) = (fT (T )α1, . . . , fT (T )αn).

ÏdfT (T )α1 = · · · = fT (T )αn = 0. ùíÑfT (T ) = 0. 2

§6.3 ��õ�ª

�V´k��F -�5�m, T ∈ L(V ). XJf ∈ F [x]÷vf(T ) = 0, K¡f´T�"zõ�

ª(annihilating polynomial). dCayley-Hamilton½n, fT´T�"zõ�ª. ·�rT�¤k"

zõ�ª�8ÜP�MT .

Ún 6.13. MT´F [x]n�.

y². w,MT��.

MT´f�m: f, g ∈MT , c ∈ F =⇒ f + cg ∈MT .

MT´n�: f ∈MT , g ∈ F [x] =⇒ fg ∈MT . 2

5 6.3. dufT ∈MT ,¤±MT´�"n�.T¯¢��±Ø^Cayley-Hamilton½ny²: �dimV =

n, KdimL(V ) = n2, lI, T, . . . , Tn
2

�5�', =�3Ø��0�c0, . . . , cn2¦�

c0I + c1T + · · ·+ cn2T 2 = 0.

-f =
∑n2

i=0 cix
i 6= 0. Kf ∈M . 2
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£ÁF [x]��"n�Ñ´Ìn�, ¿��3���Ä�Xê´1�)¤�pT , =

f(T ) = 0 ⇐⇒ pT | f.

pT¡�T���õ�ª. �V = {0}�, ·��½fT = pT = 1. 5¿�V 6= {0}�, okdeg pT ≥
1¿�pT |fT . dn�)¤��5�, p ∈ F [x]´T���õ�ª⇐⇒±eü^¤á:

• p´T�"zõ�ª¿�Ä�Xê´1;

• ?ÛT��""zõ�ª�gê≥ deg p.

aq/, XJA ∈ Fn×n, K

MA := {f ∈ F [x] | f(A) = 0}

´F [x]��"n�. §�Ä�Xê´1�)¤�pA¡�A���õ�ª. 5�:

• pA|fA.

• pA = pLA , pT = p[T ]B .

• A�B�q=⇒ pA = pB : f(P−1AP ) = P−1f(A)P .

• �kü��F1 ⊂ F2, A ∈ Fn×n1 , KA��Fn×n1 ÚFn×n2 ¥�Ý
k�Ó���õ�ª: �

ü«w{���õ�ª©O�p1 ∈ F1[x]Úp2 ∈ F2[x]. w,kp2|p1. �deg p2 = k, p2 =

xk + ak−1x
k−1 + · · ·+ a1x+ a0. K

Ak + ak−1A
k−1 + · · ·+ a1A+ a0I = 0.

rù��ªÀ�'u��þak−1, . . . , a0��5�§|,§kn2��§,XêÚ~ê��F1¥

���,�§|3F2¥k),Ïd3F1¥�k),=�3bk−1, . . . , b0 ∈ F1÷vAk+bk−1A
k−1+

· · ·+ b1A+ b0I = 0. u´q := xk + bk−1x
k−1 + · · ·+ b1x+ b0 ∈ F1[x]÷vq(A) = 0. Ïdp1|q.

2(Üdeg p2 = deg q=�p1 = p2.

·K 6.14. pT�fTk�Ó��.

y². dupT |fT , ¤±p��o´f��. �L5, �f(c) = 0. Kc´T�A��, Q�3α ∈
V r {0}÷vTα = cα. �p = xk + ak−1x

k−1 + · · ·+ a1x+ a0. K

p(T )α = (T k + ak−1T
k−1 + · · ·+ a1T + a0I)α

= T kα+ ak−1T
k−1α+ · · ·+ a1Tα+ a0α

= ckα+ ak−1c
k−1α+ · · ·+ a1cα+ a0α

= (ck + ak−1c
k−1 + · · ·+ a1c+ a0)α

= p(c)α.

dup(T ) = 0, ¤±p(c)α = 0. �α 6= 0. ¤±p(c) = 0. 2

3·K¥�T = LA, =�pA�fAk�Ó��.

dCayley-Hamilton½nÚ·K6.14, XJσ(T ) = {c1, . . . , ck}, fT = (x − c1)d1 · · · (x − ck)dk ,

KpT = (x− c1)r1 · · · (x− ck)rk , Ù¥1 ≤ ri ≤ di. ¢Sþ, ?Û3ù���¥�riÑ�±Ñy.

½n 6.15. éuT ∈ L(V ), TFAE:

(1) T�é�z.

(2) pT�±©)�pØ�Ó�monic�gª�¦È.

(3) pT =
∏
c∈σ(T )(x− c).
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�
y²½n6.15, ·�ky²:

Ún 6.16. �dimV <∞, T1, . . . , Tk ∈ L(V ). K

dim Ker(T1 · · ·Tk) ≤
k∑
i=1

dim Ker(Ti).

y². �k = 1�ÃIy². �k = 2. �ÄT2|Ker(T1T2) : Ker(T1T2)→ V . 5¿�

Ker(T2|Ker(T1T2)) = Ker(T1T2) ∩Ker(T2) = Ker(T2)

¿�Im(T2|Ker(T1T2)) ⊂ Ker(T1). Ïd,

dim Ker(T1T2) = dim Ker(T2|Ker(T1T2)) + dim Im(T2|Ker(T1T2))

≤ dim Ker(T2) + dim Ker(T1).

b�k > 2, ¿�Ún�< k�¤á. K

dim Ker(T1 · · ·Tk) ≤ dim Ker(T1 · · ·Tk−1) + dim Ker(Tk)

≤
k−1∑
i=1

dim Ker(Ti) + dim Ker(Tk) =

k∑
i=1

dim Ker(Ti).

2

½n6.15�y². �σ(T ) = {c1, . . . , ck}.

“(1)=⇒(2)”. Pg =
∏k
i=1(x−ci). �B¦[T ]B = diag(c1Id1 , . . . , ckIdk). N´�yg([T ]B) = 0.

lg(T ) = 0. ÏdpT |g.

“(2)=⇒(3)”. d·K6.14N´wÑ.

“(3)=⇒(1)”. �(3)¤á. K
∏k
i=1(T − ciI) = 0. dÚn, k

dimV = dim Ker

(
k∏
i=1

(T − ciI)

)
≤

k∑
i=1

dim Ker(T − ciI) =

k∑
i=1

dimVci = dim

k⊕
i=1

Vci .

¤±�UkV =
⊕k

i=1 Vci . ÏdT�é�z. 2

3½n¥�T = LA, =�

íØ 6.17. éuA ∈ Fn×n, TFAE:

(1) A�é�z.

(2) pA�±©)�pØ�Ó�monic�gª�¦È.

(3) pA =
∏
c∈σ(A)(x− c). 2

íØ6.17�±^5�äA´Ä�é�z. b�fA�±©)��gª�¦È

fA =

k∏
i=1

(x− ci)di

(ÄKØUé�z). ·���,

A�é�z ⇐⇒ �di > 1�okdim Ker(A− ciI) = di.

íØ6.17�Ñ
,�«�ä�{:

A�é�z ⇐⇒
k∏
i=1

(A− ciI) = 0.

�L5, íØ6.17�é¦��õ�ªk�Ï.
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~ 6.8. �A =

[
cos θ − sin θ

sin θ cos θ

]
∈ R2×2, Ù¥θ ∈ Rr πZ. ·���,

fA = x2 − (2 cos θ)x+ 1.

dufAÃ¢�,¤±3R[x]¥Ø��. dCayley-Hamilton½n, pA|fA. dudeg pA ≥ 1,¤±pA =

fA.

��±ù�¦pA: ÀA ∈ C2×2, Kσ(A) = {eiθ, e−iθ}, |σ(A)| = 2, ¤±A3Cþ�é�z. d

íØ6.17,

pA = (x− eiθ)(x− e−iθ) = fA.

ùp^�
��õ�ª��Ã'ù�¯¢. 2

~ 6.9. �A =


λ 0 1

0 λ 0

0 0 λ

 ∈ R3×3, ùpλ ∈ R. ·���, fA = (x − λ)3, d·K6.14, pA =

(x− λ)d, d ≥ 1. N´�y, A− λI 6= 0, (A− λI)2 = 0. ¤±pA = (x− λ)2. ù�íÑAØ�é�

z. 2

~ 6.10. �A =


3 1 −1

2 2 −1

2 2 0

 ∈ R3×3. K

fA = det(xI −A) = det


x− 3 −1 1

−2 x− 2 1

−2 −2 x

 = (x− 1)(x− 2)2.

dCayley-Hamilton½nÚ·K6.14, pA = (x− 1)(x− 2)d, d = 1½2. N´�y,

(A− I)(A− 2I) =


2 1 −1

2 1 −1

2 2 −1




1 1 −1

2 0 −1

2 2 −2

 =


2 ∗ ∗
∗ ∗ ∗
∗ ∗ ∗

 6= 0.

¤±d = 2, pA = fA. ù�íÑAØ�é�z. 2

~ 6.11. �A =


0 1 0 1

1 0 1 0

0 1 0 1

1 0 1 0

 ∈ Q4×4. N´��:

A2 =


2 0 2 0

0 2 0 2

2 0 2 0

0 2 0 2

 , A3 =


0 4 0 4

4 0 4 0

0 4 0 4

4 0 4 0

 .
lA3 = 4A. -

p = x3 − 4x = x(x+ 2)(x− 2).

Kp(A) = 0. ù`²pA|p,lA�é�z. N´wÑ, deg pA 6= 1. ·�äó, deg pA 6= 2. ¯¢þ,

XJdeg pA = 2, KpA = x(x+ 2), x(x− 2)½(x+ 2)(x− 2). �´A2 6= ±2A, 4I. Ïddeg pA ≥ 3.

�UkpA = p.
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·�?�Ú¦fA. 5¿�deg fA = 4. d·K6.14, �Uk

fA = x2(x+ 2)(x− 2), x(x+ 2)2(x− 2) ½ x(x+ 2)(x− 2)2.

5¿�A��0�AÛê´

dim Ker(A) = 4− rank(A) = 2.

ÏdA��0��êê≥ 2. l�UkfA = x2(x+ 2)(x− 2). ùíÑA�qudiag(0, 0, 2,−2).

2

§6.4 ØCf�m

£Á: �½T ∈ L(V ), V�f�mW¡�´T�ØCf�m, XJT (W ) ⊂ W . ~X, {0}, V ,

Ker(T )ÚIm(T )´ØCf�m. 5�:

• �W ⊂ V´��f�m. KWØC⇐⇒W¥��"�þÑ´A��þ. ~X, �

A =

[
cos θ − sin θ

sin θ cos θ

]
∈ R2×2,

Ù¥θ ∈ R r πZ. KLA�k²�ØCf�m. ¯¢þ, XJW ⊂ V´�²�ØCf�m,

KdimW = 1, lW¥��"�þÑ´A�A��þ. �A3R¥ÃA��, lÃA��

þ.

• eW ⊂ V´T�ØCf�m, Ké?¿f ∈ F [x], W´f(T )�ØCf�m: �f =
∑k
i=0 aix

i.

Kéα ∈Wk

f(T )α =

k∑
i=0

aiT
iα ∈W.

• �T,U ∈ L(V ), TU = UT . KKer(U)ÚIm(U)´T�ØCf�m:

α ∈ Ker(U) =⇒ UTα = TUα = 0 =⇒ Tα ∈ Ker(U),

α ∈ Im(U) =⇒ ∃β ∈ V, α = Uβ =⇒ Tα = TUβ = UTβ ∈ Im(U).

5¿�U�T���=⇒ U�f(T )���=⇒ Ker(f(T ))´U�ØCf�m. AO/, T�A�

f�mVc = Ker(cI − T )´U(AO/, T )�ØCf�m.

�W ⊂ V´T�ØCf�m, KTp�
TW ∈ L(W,W )ÚTV/W ∈ L(V/W, V/W )Xe:

• éα ∈W , ½ÂTWα = Tα.

• éα+W ∈ V/W , ½ÂTV/W (α+W ) = Tα+W . û½.

�dimV < ∞, B′ = {α1, . . . , αr}´W�kSÄ, ¿*¿�V�kSÄB = {α1, . . . , αn}. KB′′ =

{αr+1 +W, . . . , αn +W}´V/W�kSÄ. �A = [T ]B. K

Tαj =

n∑
i=1

Aijαi.

�j ≤ r�kTαj =
∑n
i=1Aijαi ∈W . ¤±�i > r�kAij = 0. ÏdA/X

A =

[
B C

0 D

]
,

ùpB ∈ F r×r, C ∈ F r×(n−r), D ∈ F (n−r)×(n−r). ·�k:
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• [TW ]B′ = B. ù´Ï�

TWαj = Tαj =

r∑
i=1

Aijαi =

r∑
i=1

Bijαi, j ∈ {1, . . . , r}.

• [TV/W ]B′′ = D. ù´Ï�

TV/W (αr+j +W ) = Tαr+j +W =

r∑
i=1

Ai,r+jαi +

n∑
i=r+1

Ai,r+jαi +W =

n∑
i=r+1

Ai,r+jαi +W

=

n∑
i=r+1

Ai,r+j(αi +W ) =

n−r∑
i=1

Dij(αr+i +W ), j ∈ {1, . . . , n− r}.

ùíÑ:

·K 6.18. det(T ) = det(TW ) det(TV/W ).

y². det(T ) = det(A) = det(B) det(D) = det(TW ) det(TV/W ). 2

aq/,

·K 6.19. fT = fTW fTV/W .

y².

fT = fA = det(xI−A) = det

[
xI −B −C

0 xI −D

]
= det(xI−B) det(xI−D) = fBfD = fTW fTV/W .

2

éuf1, . . . , fk ∈ F [x], ½Â§����ú�ª(least common multiple)�n�
⋂k
i=1(fi)��

��Ä�Xê´1�)¤�, P�lcm(f1, . . . , fk).

·K 6.20. lcm(pTW , pTV/W )|pT |pTW pTV/W . AO/, XJpTW�pTV/Wp�, KpT = pTW pTV/W .

y². N´wÑ, pT (TW ) = 0, pT (TV/W ) = 0. ÏdpTW |pT , pTV/W |pT . ù`²lcm(pTW , pTV/W )|pT .

,��¡, é?¿α ∈ VkpTV/Wα ∈W , lpTW pTV/Wα = 0. ù`²pT |pTW pTV/W . 2

5 6.4. ��pT = pTW pTV/WØ¤á.

íØ 6.21. �T�é�z, KTWÚTV/W�é�z.

y². duT�é�z,d½n6.15, pT�pØ�Ó��gª�¦È.þ�·KíÑpTWÚpTV/WÑ

´pØ�Ó��gª�¦È. 2d½n6.15, =�TWÚTV/W�é�z. 2

·�|^ØCf�m?Øe¡�5�.

½Â 6.8. • �V´k��F -�5�m, F´L(V )�f8. XJ�3V�kSÄB,¦�¤kT ∈
F�Ý
[T ]BÑ´é�Ý
, K¡F¥��5C��Ó�é�z.

• �M´Fn×n�f8. XJ�3�_Ý
P ∈ GLn(F ), ¦�é¤kA ∈ M, okP−1AP´é

�Ý
, K¡M¥�Ý
�Ó�é�z.

½n 6.22. éuF ⊂ L(V ), TFAE:

(1) F¥��5C��Ó�é�z.

(2) F¥��5C�Ñ´�é�z�¿�üü���.

y². “(1)=⇒(2)”. �Iy²F¥��5C�üü���. �V�kSÄB¦¤kT ∈ F�Ý


[T ]B´é�Ý
. Ké?¿T,U ∈ Fk[TU ]B = [T ]B[U ]B = [U ]B[T ]B = [UT ]B. ÏdTU =
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UT .

“(2)=⇒(1)”. édimV�8B.�dimV = 1�ÃIy². �dimV = n ≥ 2,¿�“(2)=⇒(1)”�

dimV < n�¤á. XJF¥��5C�Ñ´ðÓN��~ê�, K(1)gÄ¤á. Ïdb��

3T ∈ FØ´ðÓN��~ê�. Ké?¿c ∈ σ(T )kdimVc < dimV . duF¥��5C�Ñ

�T���, ¤±Vc´F¥¤k�5C��ØCf�m. �ÄL(Vc, Vc)�f8

Fc = {UVc | U ∈ F}.

Ù¥��5C�Ñ´�é�z�¿�üü���. d8Bb�, Fc¥��5C��Ó�é�z,

=�3Vc�ÄBc,Ù¥�z��þ´Fc¥¤k�5C��A��þ,l´F¥¤k�5C��

A��þ. duT�é�z, ¤±V =
⊕

c∈σ(T ) Vc. ÏdB =
⋃
c∈σ(T ) Bc´V�Ä. duB¥z�

�þ´F¥¤k�5C��A��þ, ¤±F¥��5C��Ó�é�z. 2

íØ 6.23. éuM ⊂ Fn×n, TFAE:

(1) M¥�Ý
�Ó�é�z.

(2) M¥�Ý
Ñ´�é�z�¿�üü���.

·���Ä:

½Â 6.9. (1) XJT ∈ L(V )3V�,�kSÄe�Ý
´þn�Ý
, K¡T´�n�z�.

(2) XJA ∈ Fn×n�quþn�Ý
, K¡A´�n�z�.

5 6.5. P

Jn =



0 0 · · · 0 1

0 0 · · · 1 0
...

...
...

...
...

0 1 · · · 0 0

1 0 · · · 0 0


∈ Fn×n.

N´�yJ−1
n = Jn, ¿�é?¿A ∈ Fn×n, JnAJn´A�“¥%é¡”Ý
. AO/,

Jn



a11 a12 · · · a1,n−1 a1n

0 a22 · · · a2,n−1 a2n

...
...

...
...

...

0 0 · · · an−1,n−1 an−1,n

0 0 · · · 0 ann


Jn =



ann 0 · · · 0 0

an−1,n an−1,n−1 · · · 0 0
...

...
...

...
...

a2n a2,n−1 · · · a22 0

a1n a1,n−1 · · · a12 a11


.

Ïd3�n�z�½Â¥, |^þn�Ý
Úen�Ý
´�d�. 2

½n 6.24. �dimV = n, T ∈ L(V ). TFAE:

(1) T�n�z.

(2) fT�±©)��gª�¦È.

(3) pT�±©)��gª�¦È.

(4) �3T�ØCf�mS�{0} = W0 ( · · · (Wn = V÷vdimWi = i.

íØ 6.25. XJF´�ê4�, K?¿A ∈ Fn×n�n�z.

½n6.24�y². “(1)=⇒(2)”. �[T ]B = A´þn�Ý
. KfT =
∏n
i=1(x−Aii).

“(2)=⇒(3)”. �I5¿�pT |fT .
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“(3)=⇒(4)”. ^8B{�EWk. �k = 0�, �I�W0 = {0}. b�1 ≤ k ≤ n, ¿�

®�EÑT�ØCf�mS�{0} = W0 ( · · · ( Wk−1 ⊂ V ÷vdimWi = i. �ÄTV/Wk−1
. d

upTV/Wk−1
|pT , pTV/Wk−1

�±©)��gª�¦È.AO/, σ(TV/Wk−1
) 6= ∅. �c ∈ σ(TV/Wk−1

)Ú

'uA��c�A��þα+Wk−1 ∈ V/Wk−1, ùpα ∈ V rWk−1. K

Tα+Wk−1 = TV/Wk−1
(α+Wk−1) = c(α+Wk−1) = cα+Wk−1,

=Tα− cα ∈Wk−1. �Wk = Wk−1 ⊕ Fα. KTα ∈Wk, lWk´ØCf�m. ùÒ�¤
�E.

“(4)=⇒(1)”. �V�kSÄB = {α1, . . . , αn}¦�{α1, . . . , αi}´Wi�Ä, 1 ≤ i ≤ n. �A =

[T ]B. K

Tαj =

n∑
i=1

Aijαi ∈Wj = span{α1, . . . , αj}.

Ïd�i > j�kAij = 0, =Aþn�. 2

5 6.6. • V���f�mS�{0} = W0 ( · · · ( Wk = V¡�V���á(flag). XJ?

�Ú�kdimWi = i(=k = dimV ), K¡Tf�mS��V����á(full flag)½��

á(complete flag). Ïd(4)Ò´`, �3dT�ØCf�m�¤��á(=T -ØC��á).

• XJØ^©��½�ê4��óä, “(3)=⇒(2)”¿Øw,.

• íØ6.25´�f�(Ø. ��¡, P−1AP�±�Ð(JordanIO.). ,��¡, XJ�F

"P−1APþn�, KP�±���AÏ(~XEÝ
�Schurn�z½n).

e¡�(Ø´�)o�ê�Lie½n�AÏ�¹. �
{üå�, ·���Ä�ê4���

¹.

½n 6.26. b�F´�ê4�, ¿�8ÜF ⊂ L(V )¥��5C�üü���. KF¥��5C�

�Ó�n�z, =�3V�kSÄB, ¦�¤kT ∈ F�Ý
[T ]BÑ´þn�Ý
.

íØ 6.27. b�F´�ê4�, ¿�M ⊂ Fn×n¥�Ý
üü���. KM¥�Ý
�Ó�n�

z, =�3�_Ý
P ∈ GLn(F ), ¦�é¤kA ∈M, okP−1AP´þn�Ý
.

ky²:

Ún 6.28. b�F´�ê4�, ¿�F ⊂ L(V )¥��5C�üü���. KF¥��5C��3

ú�A��þ.

y². Äk,Ø�b�F´k�8. ¯¢þ,éu���F,�L(V )�f�mspanF�ÄF0,KF0´

k�8, ¿�F¥��5C�üü���⇐⇒ F0¥��5C�üü���. b�ÚnéF0¤á,

=�3α ∈ V r {0}¦�é?¿T ∈ F0kTα ∈ Fα. Ké?¿U ∈ F, �3T1, . . . , Tk ∈ F0¦

�U =
∑k
i=1 ciTi. u´Uα =

∑k
i=1 ciTiα ∈ Fα. Ïdα´F¥��5C��ú�A��þ.

b�F´k�8. é|F|�8B.�|F| = 0�ÃIy². b�|F| = k ≥ 1,¿�Ún�|F| = k−
1�¤á. �F = {T1, . . . , Tk}. d8Bb�, T1, . . . , Tk−1�3ú�A��þα,=�3c1, . . . , ck−1¦

�(Ti− ciI)α = 0, 1 ≤ i ≤ k−1. u´W :=
⋂k−1
i=1 Ker(Ti− ciI) 6= {0}. duTk�T1, . . . , Tk−1��

�,¤±W´Tk�ØCf�m. duF´�ê4�, (Tk)WkA��,lkA��þβ ∈Wr{0}.
β=�T1, . . . , Tk�ú�A��þ. 2

½n6.26�y². ky²�3f�mS�{0} = W0 ( · · · ( Wn = V÷vdimWi = i, ¿

�z�Wi´¤kT ∈ F�ØCf�m. ^8B{�EWk. �k = 0�, �I�W0 = {0}. b
�1 ≤ k ≤ n, ¿�®�EÑf�mS�{0} = W0 ( · · · ( Wk−1 ⊂ V , ÷v�0 ≤ i ≤ k − 1�,
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dimWi = i, ¿�Wi´¤kT ∈ F�ØCf�m. �ÄL(V/Wk−1, V/Wk−1)�f8

Fk−1 := {TV/Wk−1
| T ∈ F}.

§´����. éFk−1^Ún,���3α ∈ VrWk−1¦�α+Wk−1 ∈ V/Wk−1´¤kTV/Wk−1
(T ∈

F)�ú�A��þ. ¤±é?¿T ∈ F, �3c ∈ F ¦�

Tα+Wk−1 = TV/Wk−1
(α+Wk−1) = c(α+Wk−1) = cα+Wk−1.

�Wk = Wk−1 ⊕ Fα. KTα ∈ Wk, lWk´T�ØCf�m. ùÒ�¤
÷v�¦�f�mS

���E.

y3,�V�kSÄB = {α1, . . . , αn}¦�{α1, . . . , αi}´Wi�Ä, 1 ≤ i ≤ n. Ké?¿T ∈ F,

[T ]B´þn�Ý
. 2

5 6.7. ly²L§N´wÑ, XJFØ´�ê4�, �´F¥��5C��A�õ�ªÑ�±

©)��gª�¦È(ù�duF¥��5C�Ñ´�n�z�), K½n6.26�(Ø�¤á.

§6.5 ÝKN�

�½T ∈ L(V ). b�V�±©)�T�ØCf�m��ÚV =
⊕k

i=1Wi. PTi = TWi
. K

éα =
∑k
i=1 αi, kTα =

∑k
i=1 Tiαi. ·�¡T�T1, . . . , Tk��Ú. T�5��ù
Ti�5���

û½. Ïd, XJ·�n)
z�Ti, ·�Òn)
T . ~X:

• �Bi = {αi1, . . . , αidi}´Wi�kSÄ, KB = {α11, . . . , α1d1 , . . . , αk1, . . . , αkdk}´V�kS
Ä, ¿�

[T ]B = diag([T1]B1 , . . . , [Tk]Bk).

AO/, XJ·��±�Bi¦[Ti]Bi{ü, ·�Ò@�[T ]B{ü.

• det(T ) =
∏k
i=1 det(Ti). ���/, fT =

∏k
i=1 fTi .

• pT = lcm(pT1
, . . . , pTk).

• Ker(T ) =
⊕k

i=1 Ker(Ti), Im(T ) =
⊕k

i=1 Im(Ti).

·��¡�Ì�8���Ò´ÀJ·���Ú©), ¦z�Tiäk'�Ä��/ª.

5 6.8. • �L5, XJ�½Ti = L(Wi,Wi), �±½Â§���Ú
⊕k

i=1 Ti ∈ L(V )�

k⊕
i=1

Ti

 k∑
j=1

αj

 =

k∑
i=1

Tiαi.

ù��±é	�Ú5½Â.

• ØC�Ú©)Ò´F [x]-f���Ú©).

§6.6 O�©)

·�O�éT�©): O�©)ÚÌ�©). \3�å, ��O�Ì�©). Ù¥Ì�©)

íÑknIO/, O�Ì�©)íÑJordanIO/.

�V´k��F -�5�m. ¡T ∈ L(V )´O��(primary), XJpT´�õ�ª��. d�,

·��¡V3T��^e´O��, ½¡V��F [x]-�´O��.

5 6.9. • ±�òw�, pT´�õ�ª���dufT´�õ�ª��.
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• ep�, KF [x]�n�(pr)¡�O�n�(��±¡pr�O�õ�ª, �ùo��Øõ).

½n 6.29(O�©)). �½T ∈ L(V ). òpT©)�pØ�Ó�Ä�Xê´1��õ�ª���

¦ÈpT =
∏k
i=1 p

ri
i , Ù¥ri ≥ 1. K

V =

k⊕
i=1

Ker(prii (T )),

Ù¥Wi := Ker(prii (T )) 6= {0}, ¿�pTWi = prii .

y². Pfi =
∏
j 6=i p

rj
j . 5¿�prii (T )fi(T ) = pT (T ) = 0�fi(T ) 6= 0. ¤±prii (T )Ø�_. Ï

dWi 6= {0}.
WiÃ': �αi ∈ Wi,

∑k
j=1 αj = 0. ü>�fi�fiαi = 0. 5¿��kprii αi = 0¿�fi�p

ri
i p�.

¤±�3a, b ∈ F [x]¦1 = afi + bprii . Ïdαi = afiαi + bprii αi = 0.

V =
∑k
i=1Wi: 5¿�f1, . . . , fkp�. u´�3g1, . . . , gk¦�

∑k
i=1 gifi = 1. �α ∈ V . Kfiα ∈

Wi. Ïdα =
∑k
i=1 gifiα ∈

∑k
i=1Wi.

pTWi = prii : Äk, é?¿αi ∈ Wikp
ri
i αi = 0. ÏdpTWi |p

ri
i . ,��¡, éα ∈ V , X

Jα =
∑k
j=1 αj , αj ∈Wj , K

k∏
i=1

pTWiα =

k∑
j=1

k∏
i=1

pTWiαj = 0.

¤±pT |
∏k
i=1 pTWi . ùíÑpTWi = prii . 2

5¿�z�Wi´T -ØCf�m, ¡�V�pi-O�©þ(primary component).
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1ÔÙ knIO/ÚJordanIO/

§7.1 Ì�f�mÚ"zf

�½�F , PR = F [x]. �V´k��F -�5�m. KT ∈ L(V )p�
Vþ�R-�(�:

fα = f(T )α. éuα ∈ V , V�f�m

Rα := {fα | f ∈ R} = span{α, Tα, T 2α, . . .}

¡�dα)¤�Ì�f�m. 5¿§´V�f�, �¡�dα)¤�Ì�f�. N´wÑ:

• Rα´�¹α����T -ØCf�m.

• dimRα = 1⇐⇒ α´A��þ.

XJV = Rα, K¡α´Ì��þ. XJV¥�3Ì��þ, K¡T´Ì��, ¿¡V´Ì��.

~ 7.1. �A =

[
0 0

1 0

]
, T = LA. �ε1 =

[
1

0

]
, ε2 =

[
0

1

]
. 5¿�Tε1 = ε2, Tε2 = 0. Ïd

Rε1 = V, Rε2 = Fε2.

Ïdε1´Ì��þ, ε2Ø´Ì��þ.

dù�~f�±wÑ, �TÌ��, Ø�½¤k�"�þÑ´Ì��þ. �
�O���þ

´Ä´Ì��þ, �Ä¼ê

∆ = ∆T : V → Z, ∆(α) = dimRα.

N´wÑ:

• TÌ�⇐⇒ ∆�����dimV . d�, α ∈ V´Ì��þ⇐⇒ ∆3α?�����.

éuα ∈ V , �
�	∆(α), P

M(α) := {f ∈ R | fα = 0}.

Ún 7.1. M(α)´n�, ¿�pT ∈M(α).

y². pT ∈M(α); f, g ∈M(α), c ∈ F =⇒ f + cg ∈M(α); f ∈M(α), g ∈ R =⇒ fg ∈M(α). 2

·�¡M(α)�α�"zn�, ¿¡M(α)����monic)¤�pα�α�"zf(annihilator).

5¿pα|pT , ¿�α = 0⇐⇒M(α) = R⇐⇒ pα = 1. pα�∆(α)�éXXe:

Ún 7.2. Pd = deg pα, K{α, Tα, . . . , T d−1α}´Rα�Ä. AO/, ∆(α) = deg pα.

y². �5Ã':�
∑d−1
i=0 ciT

iα = 0. Pg =
∑d−1
i=0 cix

i. Kgα = 0. Ïdpα|g. dudeg g < deg pα,

�Ukg = 0, =ci = 0.

span = Rα: “⊂”w,. “⊃”: é?¿β ∈ Rα,�3f ∈ R¦�β = fα. �f = qpα+r,ùpq, r ∈ R,

deg r < d. Kβ = fα = rα ∈ span. 2

dù�Ún,�	∆(α)����=z��	deg pα����.dupα|pT ,ok∆(α) ≤ deg pT .

e¡`²�Ò´�±¤á�.

·K 7.3. �3α ∈ V÷vpα = pT .

y². �pT =
∏k
i=1 p

ri
i , Ù¥pi�pØ�Ó�Ä��õ�ª, ri ≥ 1. PWi := Ker(prii (T )). K

dO�©), kV =
⊕k

i=1Wi, ¿�pTWi = prii . 5¿�Ker(pri−1
i (TWi

))�Wi�ýf�m. �αi ∈
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Wi r Ker(pri−1
i (TWi

)). Kpαi |p
ri
i �pαi - p

ri−1
i , ¤±pαi = prii . �α =

∑k
i=1 αi. Kdpαα = 0í

Ñpααi = 0. lprii |pα. ùíÑpT |pα. �Ukpα = pT . 2

íØ 7.4. ¼ê∆�����deg pT , ¿�∆(α) = deg pT ⇐⇒ pα = pT .

y². duokpα|pT ,¤±∆(α) = deg pα ≤ deg pT . þ¡·K`²�3α¦�Ò¤á. Ïd∆�

����deg pT . ?�Ú/, ∆(α) = deg pT ⇐⇒ deg pα = deg pT ⇐⇒ pα = pT . 2

dd, N´��:

·K 7.5. TÌ�⇐⇒ deg pT = dimV ⇐⇒ pT = fT . d�, α ∈ V´Ì��þ⇐⇒ pα = pT .

y².

TÌ�⇐⇒ ∆�����u dimV ⇐⇒ deg pT = dimV ⇐⇒ pT = fT .

d�, α ∈ V ´Ì��þ⇐⇒ ∆(α) = deg pT ⇐⇒ pα = pT . 2

y3·�?Ø�TÌ��§�Ý
�/ª. éuÄ�Xê´1�ngõ�ª

f = xn + an−1x
n−1 + · · ·+ a1x+ a0,

½Â§���Ý
½l
(companion matrix)Cf ∈ Fn×n�

Cf =



0 0 · · · 0 −a0

1 0 · · · 0 −a1

0 1 · · · 0 −a2

...
...

...
...

...

0 0 · · · 1 −an−1


.

e¡`²TÌ�⇐⇒§3,�Äe�Ý
´,õ�ª���Ý
.

·K 7.6. �dimV = n, T ∈ L(V ).

(1) XJTÌ�, α´Ì��þ, KT3kSÄ{α, Tα, . . . , Tn−1α}e�Ý
�Cpα = CpT .

(2) XJT3,kSÄe�Ý
�Cf , Ù¥fÄ�Xê´1¿�gê´n, KTÌ�¿�pT = f .

y². 5¿�éuf = xn+an−1x
n−1+· · ·+a1x+a0ÚV�kSÄB = {α1, . . . , αn}, [T ]B = Cf¿

�X

Tαi = αi+1, 1 ≤ i ≤ n− 1, (7.1)

Tαn = −a0α1 − a1α2 − · · · − an−1αn. (7.2)

(1) Pαi = T i−1α, 1 ≤ i ≤ n. K(7.1)Ú(7.2)éf = pα¤á. ù`²T�Ý
�Cpα .

(2) �éuþ¡�fÚBk[T ]B = Cf , K(7.1)Ú(7.2)¤á. (7.1)`²α1´Ì��þ, lTÌ

�¿�pα1 = pT . (7.2)`²fα1 = 0, =pα1 |f . üö(Ü, �pT |f . �deg pT = deg f = n. ¤±�

UkpT = f . 2

íØ 7.7. �f´Ä�Xê´1�õ�ª. KfCf = pCf = f .

y². éTCfÚF
n×1�IOÄA^(2). 2

5 7.1. fCf = f��±��O���. ù�O�¢Sþ�Ñ
Cayley-Hamilton½n�,�y

²: �y²fT (T ) = 0, �Iyé?¿α ∈ VkfTα = 0. �ÄÌ�f�mRα. ù�O��

ÑfTRα = fCpα = pα, lpα|fT , =fTα = 0.
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§7.2 Ì�©)ÚknIO/

½n 7.8(Ì�©)). �V´k��F -�5�m, �T ∈ L(V ). K�3α1, . . . , αr ∈ V r {0}÷v:

• V =
⊕r

i=1Rαi;

• �pi = pαi . Kpr|pr−1| · · · |p1.

�êrÚS�p1, . . . , pr�T��û½, ¿�

pT = p1, fT =

r∏
i=1

pi.

½n¥�p1, . . . , pr¡�T�ØCÏf(invariant factors). éA ∈ Fn×n, LA�ØCÏf�¡

�A�ØCÏf.

5 7.2. • pi��uTRαi�A�õ�ªÚ��õ�ª.

• k�©z¥^p1|p2| · · · |pr.

Ún 7.9. �α ∈ V÷vpα = pT . Ké?¿L ∈ V/Rα, �3β ∈ L÷vpβ = pL.

y². w,é?¿β ∈ LokpβL = 0, =pL|pβ . �Iy�3β ∈ L÷vpβ |pL, =pLβ = 0. ?

�β0 ∈ L. KpLβ0 ∈ Rα. �pLβ0 = fα, pT = gpL. Kgfα = gpLβ0 = 0. u´gpL = pT = pα|gf ,

ÏdpL|f . �f = pLh, β = β0 − hα ∈ L. KpLβ = 0. 2

½n7.8�y². édimV8By²©)��35. dimV = 1�w,. ���¹, �α1 ∈ V¦
pα1 = pT . dudimV/Rα1 < dimV , d8Bb�, �3L2, . . . , Lr ∈ (V/Rα1) r {0}¦�V/Rα1 =⊕r

i=2RLi,¿�pLr | · · · |pL2
. dÚn7.9,é2 ≤ i ≤ r,�3αi ∈ Li÷vpαi = pLi . w,pαr | · · · |pα1

.

·��yV =
⊕r

i=1Rαi. �
∑r
i=1 giαi = 0. Ý�V/Rα1þ, k

∑r
i=2 giLi = 0. ÏdgiLi = 0. ù

íÑpαi = pLi |gi, lgiαi = 0. ?g1α1 = 0. ÏdRα1, . . . , RαrÃ'. ,��¡, é?¿γ ∈ V ,

rγ +Rα1 ∈ V/Rα1©)�γ +Rα1 =
∑r
i=2 giLi, Kγ −

∑r
i=2 giαi ∈ Rα1. ÏdV =

⊕r
i=1Rαi.

e¡y²��5Ú'upT , fT�Ü©. �α1, . . . , αr ∈ V r{0}÷vV =
⊕r

i=1Rαi,¿�pi :=

pαi÷vpr|pr−1| · · · |p1. Kk

pT = lcm(pTRα1
, . . . , pTRαr ) = lcm(p1, . . . , pr) = p1,

fT =

r∏
i=1

fTRαi =

r∏
i=1

pi.

XJ�kβ1, . . . , βs ∈ V r {0}÷vV =
⊕s

i=1Rβi, ¿�qi := pβi÷vqs|qs−1| · · · |q1, Kaq/

kpT = q1, fT =
∏s
i=1 qi. Ïdp1 = q1,

∏r
i=1 pi =

∏s
i=1 qi. ·�I�y²r = s¿�pi = qi.

XJùØ¤á, K�32 ≤ t ≤ min{r, s}÷vpt 6= qt, ¿��i < t�kpi = qi. Ø��qt - pt.
3
⊕r

i=1Rαi = V =
⊕s

i=1Rβiü>¦pt, �
t−1⊕
i=1

Rptαi = ptV =

t−1⊕
i=1

Rptβi ⊕
s⊕
i=t

Rptβi.

N´wÑ:

• f, g monic, pα = fg =⇒ pfα = g: ¯¢þ, pfα|h⇐⇒ h(fα) = 0⇐⇒ pα = fg|fh⇐⇒ g|h.

Ïd, �i < t�k

dimRptαi = deg pptαi = deg(pi/pt) = deg(qi/pt) = deg pptβi = dimRptβi.

ùíÑ
⊕s

i=tRptβi = {0}. AO/, ptβt = 0. Ïdqt|pt. gñ. 2
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íØ 7.10. pT�fTk�Ó��Ïf. 2

3½n7.8�(Øe, Bi := {αi, Tαi, . . . , T di−1αi}´Rαi�kSÄ,ùpdi = deg pi = dimRαi.

u´, [TRαi ]Bi = Cpi . Ïd, 3V�kSÄB = (B1, . . . ,Br)e,

[T ]B = diag(Cp1 , . . . , Cpr ).

½Â 7.1. Ý
A ∈ Fn×n¡�kn/Ý
, XJ�3�~ê�Ä�õ�ªp1, . . . , pr ∈ F [x], ÷

v
∑r
i=1 deg pi = n¿�pr| · · · |p1, ¦�

A = diag(Cp1 , . . . , Cpr ).

½n 7.11. �3V�kSÄB¦[T ]B´kn/Ý
, ¿�ù��kn/Ý
´���.

y². �Iy²��5. �T3,�kSÄB′e�Ý
´kn/Ý
diag(Cq1 , . . . , Cqs), Ù

¥qs| · · · |q1. �B′ = (B′1, . . . ,B
′
s), |B′i| = deg qi. KBi¥�1���þβi÷vRβi = spanBi¿

�pβi = qi. d½n7.8���5Ü©, q1, . . . , qs�U´T�ØCÏfS�, ÏdCqi�Tû½. 2

íØ 7.12. ?¿Ý
A ∈ Fn×n�qu���kn/Ý
, ¡�A�knIO/(rational canoni-

cal form½rational normal form).

y². �T = LA. 2

�knIO/��Ï: eA ∈ Qn×nKknIO/�∈ Qn×n.

íØ 7.13. ü�Ý
�q⇐⇒k�Ó�knIO/⇐⇒k�Ó�ØCÏfS�. 2

e¡`²Ý
�knIO/ÚØCÏfØ�6u��À�.

íØ 7.14. �A ∈ Fn×n�knIO/�A′, ØCÏfS��p1, . . . , pr. XJé,�f�K ⊂
FkA ∈ Kn×n, KA′ ∈ Kn×n¿�A

K∼ A′, p1, . . . , pr ∈ K[x]. AO/, pA ∈ K[x].

y². �A3Kn×n¥�knIO/�A′′ ∈ Kn×n. A′ÚA′′Ñ´Fn×n¥�kn/Ý
¿�Ñ

�A�q, díØ7.12���5, A′ = A′′. ÏdA′ ∈ Kn×n¿�A
K∼ A′. dA′ ∈ Kn×n=�

�p1, . . . , pr ∈ K[x]. 2

e¡wknIO/ÚØCÏf�ü�A^.

·K 7.15. �A,B ∈ Fn×n�q. XJéf�K ⊂ FkA,B ∈ Kn×n, KA,B3Kþ��q.

y². A,B�qíÑ§�3Fn×n¥�knIO/�Ó, ��C. dA,B ∈ Kn×níÑC ∈
Kn×n¿�A

K∼ C, B
K∼ C. ÏdA

K∼ B. 2

·K 7.16. �A ∈ Fn×n. KA�At�q.

y². kb�A´,�Ä�Xê´1�õ�ªf���Ý
. d�kfA = pA = f . ÏdA�k�

�ØCÏff . 

fAt = det(xI −At) = det((xI −A)t) = det(xI −A) = fA = f,

g(At) = g(A)t =⇒ “g(A) = 0⇐⇒ g(At) = 0” =⇒ pAt = pA = f.

ÏdAt��k��ØCÏff . ÏdAt�A�q.

���¹, �A�knIO/�diag(Cp1 , . . . , Cpr ). KA
t ∼ diag(Ctp1 , . . . , C

t
pr ). ·�®²y

²Ctpi ∼ Cpi . ¤±diag(Ctp1 , . . . , C
t
pr ) ∼ diag(Cp1 , . . . , Cpr ). ÏdA

t ∼ A. 2

~ 7.2. 2× 2�kn/Ý
�U´cI2½

[
0 ∗
1 ∗

]
.
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�½A ∈ Fn×n,XJ��
A�ØCÏf�p1, . . . , pr,KA�knIO/�diag(Cp1 , . . . , Cpr ).

XÛ¦�_Ý
P¦�P−1AP = diag(Cp1 , . . . , Cpr )?

·K 7.17. �A ∈ Fn×n, B´Fn×1�kSÄ, P´dB���þUgSü����n × n�_Ý

. KP−1AP = [LA]B.

y². �B = {α1, . . . , αn}. KP = [α1, . . . , αn]. PB = [LA]B. K

Aαj =

n∑
i=1

Bijαi.

ù¿�X

AP = [Aα1, . . . , Aαn] =

[
n∑
i=1

Bi1αi, . . . ,

n∑
i=1

Binαi

]
= PB,

=P−1AP = B. 2

Ïd, XJα1, . . . , αr ∈ Fn×1 r {0}÷vFn×1 =
⊕r

i=1Rαi¿�pαi = pi, K�_Ý


P = [α1, Aα1, . . . , A
d1−1α1, . . . , αr, Aαr, . . . , A

dr−1αr], di = deg pi = dimRαi,

÷v

P−1AP = diag(Cp1 , . . . , Cpr ).

~ 7.3. �A =


5 −6 −6

−1 4 2

3 −6 −4

 ∈ R3×3. SK�¥¦L(�P188~3):

fA = (x− 1)(x− 2)2.

N´�y(A− I)(A− 2I) = 0. Ïd

pA = (x− 1)(x− 2).

¤±ØCÏf�

p1 = pA = (x− 1)(x− 2) = x2 − 3x+ 2,

p2 = fA/pA = x− 2.

ÏdA�knIO/�

diag(Cp1 , Cp2) = diag

([
0 −2

1 3

]
, 2

)
=


0 −2 0

1 3 0

0 0 2

 .
�
ÏéP¦P−1AP = B,dþ¡�©Û,�IÏéα1, α2 ∈ F 3×1r{0}÷vF 3×1 = Rα1⊕Rα2¿

�pαi = pi. d��_Ý
P = [α1, Aα1, α2]Ò÷vP−1AP = diag(Cp1 , Cp2). 5¿�:

• pα1 = p1 ⇐⇒ α1Ø´A��þ.

• pα2
= p2 ⇐⇒ α2´A��2�A��þ.

d�,

• F 3×1 = Rα1 ⊕Rα2 ⇐⇒ α2 /∈ Rα1.

}Áα1 = ε1 =


1

0

0

. duAα1 =


5

−1

3

, ¤±α1Ø´A��þ. Ïd�Àù�α1. SK�¦
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L(�P188):

V2 = {(x1, x2, x3)t | x1 = 2x2 + 2x3}.

·�I�éα2 ∈ V2¦�α2 /∈ Rα1. 5¿�Rα1 = span{α1, Aα1}, Ù¥��þokx2, x3Ó�

�0½Ó�Ø�0. �α2 =


2

1

0

. Kα2 ∈ V2 rRα1. d�, P =


1 5 2

0 −1 1

0 3 0

.

¯¢þ, Ï�A�é�z, kF 3×1 = V1 ⊕ V2. �V1�Ä{β1}ÚV2 �Ä{γ1, γ2}. K�α1 =

β1 + γ1, α2 = γ2=�. 2

·K 7.18. �T�é�z, σ(T ) = {c1, . . . , ck}.

(1) �α =
∑k
i=1 βi, Ù¥βi ∈ Vci , KRα = span{β1, . . . , βk}, pα =

∏
βi 6=0(x− ci).

(2) �di = dimVci , KØCÏf�pj :=
∏
di≥j(x− ci), Ù�ê�r := max di.

y². (1) 5¿�V =
⊕k

i=1 Vci . duRα = {fα | f ∈ F [x]}, 

fα =

k∑
i=1

fβi =

k∑
i=1

f(ci)βi,

¤±Rα ⊂ span{β1, . . . , βk}. ,��¡, é?¿
∑k
i=1 tiβi ∈ span{β1, . . . , βk}, �3f÷vf(ci) =

ti, d�
∑k
i=1 tiβi = fα ∈ Rα. ÏdRα ⊃ span{β1, . . . , βk}. ·��k

fα = 0⇐⇒ f(ci)βi = 0⇐⇒ βi 6= 0�kf(ci) = 0⇐⇒
∏
βi 6=0

(x− ci)|f.

Ïdpα =
∏
βi 6=0(x− ci).

(2) �Vci�kSÄBi = {βi1, . . . , βidi}. éu1 ≤ j ≤ r, �Äαj =
∑
di≥j βij . d(1),

Rαj = span{βij | di ≥ j}, pαj = pj .

�I5¿�V =
⊕r

j=1Rαj¿�pr|pr−1| · · · |p1. 2

§7.3 O�Ì�©)ÚJordanIO/

¡T�Ø�©)�(indecomposable), XJVØU©)¤ü��"ØCf�m��Ú.

·K 7.19. ?ÛTo´k��Ø�©)C���Ú.

y². édimV8B. dimV = 1�w,. ���¹, XJTØ�©), KÃIy². ÄK, V´ü

��"ØCf�m��Ú, u´�±éz��Ú�^8Bb�. 2

½n 7.20. �V´k��F -�5�m, T ∈ L(V, V ). KTØ�©)⇐⇒ T´O�Ì��.

y². “=⇒”. �TØ�©). KT�O�©)ÚÌ�©)¥Ñ�k��. ÏdT´O�Ì��.

“⇐=”. �T´O�Ì��. KfT = pT = pr, Ù¥p�. b�kØC�Ú©)V = V1 ⊕ V2.

KfTV1 fTV2 = fT = pr, lfi = pri , ri ≥ 0, r1 + r2 = r. ,��¡, �pi = psi , si ≤ ri.

Kpr = pT = lcm(p1, p2) = pmax{s1,s2}. lr1 + r2 = r = max{s1, s2} ≤ max{r1, r2}. �U
kr1 = 0½r2 = 0. ÏdV1 = {0} ½V2 = {0}. 2

Ïd, ·���:

½n 7.21(O�Ì�©)). �V´k��F -�5�m,�T ∈ L(V ). KV�±©)��
O�Ì
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���"ØCf�m��ÚV =
⊕s

i=1 Vi. �qi = pTi . O�õ�ªS�q1, . . . , qs3ØOü�g

S�¿Âe�T��û½, ¡�T�Ä�Ïf½Ð�Ïf(elementary divisors).

y². �35®y². �Iy��5. �q1, . . . , qs�¤k�Ïf�p1, . . . , pk. �Ò´`,

p1, . . . , pk´pØ�Ó��õ�ª, z�pi´,�qj��Ïf, ¿�z�qjÑ´,�pi��. òS

�(V1, q1), . . . , (Vs, qs)#ü��eL:

(V11, p
r11
1 ), . . . , (V1,d1 , p

r1,d1
1 ),

...
...

...

(Vk1, p
rk1
k ), . . . , (Vk,dk , p

rk,dk
k ),

÷vé?¿1 ≤ i ≤ kkri1 ≥ · · · ≥ ri,di . �d = max{d1, . . . , dk}. é1 ≤ j ≤ d, �Wj =⊕
i:di≥j Vij . K:

• V =
⊕d

j=1Wj .

• Wj´Ì��:

fTWj =
∏
i:di≥j

fTVij =
∏
i:di≥j

pTVij =
∏
i:di≥j

p
rij
i ,

pTWj = lcm{pTVij | i : di ≥ j} = lcm{priji | i : di ≥ j} =
∏
i:di≥j

p
rij
i .

ÏdfTWj = pTWj .

• pTWj�úª�`²pTWd | · · · |pTW1
.

ÏdpTW1
, . . . , pTWdÒ´T�ØCÏfS�. §´�T��û½�. ÏdþL¥�1j�´pTWj�

¤kO�Ïf, �´�Tû½�. 2

·��±lo��Ýn)O�Ì�©):

• ��rV©)�Ø�©)�ØCf�m��Ú.

• kéV�O�©), 2éz��Ú��Ì�©), d�z��¬Ñ´O�Ì��. 5¿O�

�ØCf�m�´O��.

• kéV�Ì�©), 2éz��Ú��O�©), d�z��¬Ñ´O�Ì��. 5¿Ì

�f�m�ØCf�m�´Ì�f�m. y²Xe: �W ⊂ Rα´ØCf�m. �Äβ :=

pα+Wα ∈ W . ·��yW = Rβ. w,Rβ ⊂ W . ,��¡, é?¿γ ∈ W , �3f ∈ R÷
vγ = fα. γ ∈WíÑpα+W |f . �f = gpα+W . Kγ = gpα+Wα = gβ ∈ Rβ. ÏdW ⊂ Rβ.

• Ó�éV�O�©)V =
⊕

i ViÚÌ�©)V =
⊕

jWi. KV =
⊕

i,j Vi ∩Wj´O�Ì�©

). (N´�yV(¢�u
∑
i,j Vi ∩Wj .)

�V =
⊕s

i=1 Vi´O�Ì�©), �A�Ä�ÏfS��q1, . . . , qs. K3·�kSÄe,

TVi�Ý
�Cqi , lT�Ý
�diag(Cq1 , . . . , Cqs). ù����“O�knIO/”��Fk',

Ïd'knIO/A^�. d��~^�´�,�«kSÄ���JordanIO/. �d,·�Ú

\e¡�Vg.

½Â 7.2. �T ∈ L(V ). XJ�3��êr÷vT r = 0, K¡T´�"�.

·K 7.22. �dimV = n, T ∈ L(V ). TFAE:

(1) T�".

(2) pT´x��.
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(3) fT = xn.

(4) Tn = 0.

y². “(1)=⇒(2)”. �T r = 0. KpT |xr. ÏdpT´x��.

“(2)=⇒(3)”. díØ7.10, fT��Ïf�kx. �dim fT = n. ¤±�UkfT = xn.

“(3)=⇒(4)”. Tn = fT (T ) = 0.

“(4)=⇒(1)”. w,. 2

y3b�TO�Ì�,¿�fT = pT = (x− c)n. ·���{´�Ä�"C�N = T − cI�k
nIO/. ·�¡/X

Jn(c) := cIn + Cxn =



c 0 0 · · · 0 0

1 c 0 · · · 0 0

0 1 c · · · 0 0
...

...
...

...
...

...

0 0 0 · · · c 0

0 0 0 · · · 1 c


�Ý
�Ä�JordanÝ
½A���c�n�Jordan¬(Jordan block).

·K 7.23. �dimV = n, T ∈ L(V ), c ∈ F .

(1) XJTO�Ì�, ¿�fT = pT = (x− c)n, KT3,kSÄe�Ý
�Jn(c).

(2) XJT3,kSÄe�Ý
�Jn(c), KTO�Ì�, ¿�fT = pT = (x− c)n.

AO/, XJF´�ê4�, KTO�Ì�⇐⇒§3,�Äe�Ý
´Jordan ¬.

y². �N = T − cI. Ké?¿kSÄBk

[T ]B = [cI +N ]B = c[I]B + [N ]B = cIn + [N ]B.

Ïd,

[T ]B = Jn(c)⇐⇒ [N ]B = Jn(0) = Cxn .

d	,

fT = pT = (x− c)n ⇐⇒ fN = pN = xn.

(1) eTO�Ì�¿�fT = pT = (x − c)n, KfN = pN = xn. ÏdNÌ�¿��3B¦

�[N ]B = Cxn . l[T ]B = Jn(c).

(2) XJ�3B¦[T ]B = Jn(c), K[N ]B = Cxn , lfN = pN = xn, ÏdfT = pT = (x− c)n.

ùíÑTO�Ì�. 2

éu���¹, b�fT�±©)��gª�¦È. �O�Ì�©)V =
⊕s

i=1 Vi. KÄ�Ï

f/Xqi = pTVi = (x− ci)ni . u´TVi3Vi�,kSÄe�Ý
�Jni(ci). Ïd, T3V�,kS

Äe�Ý
�

diag(Jn1
(c1), . . . , Jnm(cm)).

ù��Ý
¡�Jordan/Ý
.

½n 7.24. b�T ∈ L(V )�A�õ�ª�±©)��gª�¦È.K�3V�kSÄB¦�[T ]B

´Jordan/Ý
, ¿�Jordan¬3��gS�¿Âe´���, ¡�T�JordanIO/(Jordan

canonical form½Jordan normal form). AO/, XJF´�ê4�, K?¿T�3JordanIO/.
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y². �Iy²��5. �T3,�kSÄBe�Ý
´Jordan/Ý
diag(Jn1
(c1), . . . , Jnm(cm)).

�B = (B1, . . . ,Bs), |Bi| = ni. KVi := spanBi´�"ØCf�m, ¿�[TVi ]Bi = Jni(ci). Ï

dTVi O�Ì�,¿�pTVi = (x−ci)ni . d½n7.21���5Ü©, (x−c1)n1 , . . . , (x−cm)nm �U

´T�Ä�ÏfS�, §�3��gS�¿Âe�Tû½. ÏdJni(ci)��gS�¿Âe�Tû

½. 2

íØ 7.25. b�A ∈ Fn×n�A�õ�ª�±©)��gª�¦È. KA�qu,�Jordan/Ý


, ¿�Jordan¬3��gS�¿Âe´���, ¡�A�JordanIO/. AO/, XJF´�

ê4�, K?¿�
�3JordanIO/.

5 7.3. • ùp�Öþ�k«O: Öþ�¦�ÓA��3�å, ¿�l���ü�.

• �õ©z¥r“1”�3Ìé��þ�.·��
�B,��á�±��.5¿�üö´�q�.

¯¢þ, XJT3kSÄ{α1, . . . , αn}e�Ý
´Jordan¬J , KT3kSÄ{αn, . . . , α1}e�
Ý
´J t.

lT�JordanIO/[T ]B�±��wÑéõT�5�:

• [T ]B�é��8Ü�σ(T ). ��{c1, . . . , ck}. XJci3[T ]B�é��¥Ñydig, Kdi =

dim Ker((T − ciI)n), Ù¥n = dimV , ¿�fT =
∏k
i=1(x− ci)di .

• �A���ci�Jordan¬����ê�ri. KpT =
∏k
i=1(x−ci)ri . AO/, T�é�z⇐⇒¤

kJordan¬Ñ´1��.

• A���ci�Jordan¬��ê�dimVci .

~ 7.4. 2× 2�Jordan/Ý
�U´

[
c1 0

0 c2

]
½

[
c 0

1 c

]
.

~ 7.5.


2 0 0 0

1 2 0 0

0 0 2 0

0 0 1 2

Ú


2 0 0 0

1 2 0 0

0 0 2 0

0 0 0 2

Ñ´Jordan/Ý
,A�õ�ªÑ´(x−2)4,��õ�ª

Ñ´(x− 2)2, �§�Ø�q. (�	dim Ker(A− 2I).)

~ 7.6. �A =


2 0 0

a 2 0

b c −1

 ∈ C3×3. KfA = (x− 2)2(x+ 1). XJpA = fA, KA�JordanIO/

�


2 0 0

1 2 0

0 0 −1

. XJpA = (x− 2)(x+ 1), KA�JordanIO/�


2 0 0

0 2 0

0 0 −1

. �öu)

⇐⇒ (A− 2I)(A+ I) =


0 0 0

a 0 0

b c −3




3 0 0

a 3 0

b c 0

 =


0 0 0

3a 0 0

ac 0 0

 = 0⇐⇒ a = 0.

y3�	�JordanIO/���'���¯K. �
{üå�, b�F´�ê4�. �A ∈
Fn×n�JordanIO/�J = P−1AP , Ù¥P ∈ GLn(F ). PJd´rJ¥Ø3Ìé��þ�Ý


�“1”ÑO��“0”����Ý
, Jn´rJ�é��ÑO��“0”����Ý
. KJd´é�Ý


, Jn�", Jd�Jn���, ¿�J = Jd + Jn. PAd = PJdP
−1, An = PJnP

−1. KAd�é�z,
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An�", Ad�An���, ¿�A = Ad +An. e¡`²ù����AdÚAn�JÚP�À�Ã'.

½n 7.26. �V´�ê4�Fþ�k���5�m, T ∈ L(V ).

(1) �3���D,N ∈ L(V )÷vT = D +N , D�é�z, N�", ¿�D�N���.

(2) DÚNÑ´T�õ�ª.

y². �pT =
∏k
i=1(x − ci)

ri , Ù¥cipØ�Ó¿�ri ≥ 1. Pqi = (x − ci)
ri . ·�äó�

3f ∈ F [x]÷v

f ≡ ci (mod qi), i = 1, . . . , k.

ùdõ�ª�¥I�{½n´w,�, ��±��y²Xe: duhi :=
∏
j 6=i qj�qi p�, �

3gi÷vgihi ≡ 1 (mod qi). �f =
∑k
i=1 cigihi=�. �D = f(T ), N = T − D. KD,NÑ

´T�õ�ª, l���. ·��yD�é�z, N�". PVi = Ker(qi(T )). dO�©),

V =
⊕k

i=1 Vi¿�pTVi = qi. df�5�kDVi = f(TVi) = ci idVi . ù`²ci´D�A��, ¿��

A�A�f�m´Vi. ÏdD�é�z. ,��¡, pTVi = qiíÑNVi = TVi − ci idVi���õ�

ª�xri . ¤±NVi�". ÏdN�".

�D′, N ′�÷v(1). duþ¡�D,NÑ´T�õ�ª, ¤±D,N,D′, N ′üü���. 5¿�

D −D′ = N ′ −N.

duD,D′�é�z¿����, §��Ó�é�z, lD − D′�é�z. ,��¡, �Nr =

(N ′)r = 0, K

(N ′ −N)2r =

2r∑
i=0

Ci2r(N
′)i(−N)2r−i = 0.

ÏdN ′ −N�". �"��é�zC��U´0. ÏdD −D′ = N ′ −N = 0. 2

ùp�DÚN©O¡�T��é�zÜ©(½�üÜ©)Ú�"Ü©. ©)T = D + N¡

�T�Jordan©).

5 7.4. σ(D) = σ(T ), fD = fT . XJpT =
∏k
i=1 p

ri
i , Ù¥pi´pØ�Ó�Ä�Xê´1��õ�

ª¿�ri ≥ 1, KpD =
∏k
i=1 pi.

§7.4 �üC�

éA�á7.5!.

½Â 7.3. �V´�Fþ��"k���5�m, T ∈ L(V ).

(1) XJVvk�²��T -ØCf�m, K¡T�ü(simple)�½Ø��(irreducible)�.

(2) XJé?¿T -ØCf�mW ⊂ V , �3T -ØCf�mZ ⊂ V÷vV = W ⊕ Z, K¡T��

ü(semisimple)�½����(completely reducible)�.

N´wÑ, Tü⇐⇒ V¥¤k�"�þ´Ì��þ, Tü=⇒ TØ�©).

Ún 7.27. �T ∈ L(V ).

(1) Tü=⇒ T�ü.

(2) �T�ü, V ′ ⊂ V´T -ØCf�m. KTV ′�ü.

(3) �V =
⊕k

i=1 Vi, Ù¥z�Vi´T -ØCf�m. b�z�TVi�ü. KT�ü.
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y². (1) w,.

(2) �W ⊂ V ′´ØCf�m. �V�ØCf�mZ÷vV = W ⊕ Z. ·�äóV ′ = W ⊕
(V ′ ∩ Z). w,W ∩ (V ′ ∩ Z) = {0}. ,��¡, év ∈ V ′, �v = w + z, Ù¥w ∈ W , z ∈ Z.

Kz = v − w ∈ V ′. ¤±z ∈ V ′ ∩ Z. Ïdv = w + z ∈W + (V ′ ∩ Z).

(3) �Iy²k = 2��¹. �W ⊂ V´ØCf�m. duTVi�ü, �±�ØCf�mZ1 ⊂
V1ÚZ2 ⊂ V2÷vV1 = (W ∩ V1)⊕ Z1, V2 = ((W + V1) ∩ V2)⊕ Z2. ·��yV = W ⊕ (Z1 + Z2).

Äk, XJw = z1 + z2 ∈ W ∩ (Z1 + Z2), Ù¥zi ∈ Zi, Kz2 = w − z1 ∈ (W + V1) ∩ Z2 = {0}, l
z2 = 0. ù`²w = z1 ∈W ∩ Z1 = {0}, lw = 0. ÏdW ∩ (Z1 + Z2) = {0}. ,��¡,

V = V1 + V2 = V1 + ((W + V1) ∩ V2) + Z2 ⊂ V1 + (W + V1) + Z2 = V1 +W + Z2

= ((W ∩ V1) + Z1) +W + Z2 ⊂ (W + Z1) +W + Z2 = W + (Z1 + Z2).

ÏdV = W ⊕ (Z1 + Z2). 2

·K 7.28. T�ü⇐⇒�3T -ØC�Ú©)V =
⊕k

i=1 Vi¦�z�TViü.

y². “=⇒”: d(2). “⇐=”: d(1)Ú(3). 2

·K 7.29. (1) Tü⇐⇒ fT�.

(2) T�ü⇐⇒ pTÃ²�Ïf.

y². (1) �Tü. KTÌ�, ÏdpT = fT . XJfTØ�, �fT = gh, deg g,deg h ≥ 1.

Kg(T )h(T ) = 0. Ïdg(T )½h(T )Ø�_. Ø��g(T )Ø�_. KKer(g(T ))´�"ØCf�

m, Ïd���m. ù`²g(T ) = 0. ÏdfT = pT |g, gñ. �L5, �TØü, =�3�²�Ø

Cf�mW ⊂ V . KfT = fTW fTV/W . ÏdfTØ�.

(2) �T�ü. KT =
⊕k

i=1 Ti, Ù¥Tiü. u´pTi�. ÏdpT = lcm(pT1
, . . . , pTk)Ã²�Ï

f. �L5,�pT =
∏k
i=1 pi, pi�¿�pØ�Ó.K3O�Ì�©)¥,éz��Ú�kp = f�.

Ïdz��Ú�ü. ÏdT�ü. 2

íØ 7.30. �fT�±©)�F [x]¥�gª�¦È(~XF´�ê4�).

(1) Tü⇐⇒ dimV = 1.

(2) T�ü⇐⇒ T�é�z.

y². é(2), �I5¿�T�é�z⇐⇒ pT�±©)�F [x]¥pØ����gª�¦È. 2

e¡«@F��ê4�F��35. éõ��¯K�9�f ∈ F [x] r F3F¥´Äk

�. f3FSk��±kü��ÏE¤: XJf3F [x]Sk�Ó��Ïf(=k²�Ïf), Kw

,f3FSk�. ,���Ï´d�F���5�E¤�.

½Â 7.4. XJ�Fþ�?¿Ã²�Ïf�õ�ªf ∈ F [x] r F3FSÃ�, K¡F´���.

�±y²:

• F´���⇐⇒ Fþ�?¿�õ�ª3FSÃ�.

• �ê4�!A�´0��Úk��Ñ´���.

�F = Fp(t)Ø´���: f = xp − t´F [x]¥��õ�ª, �XJa ∈ F´f��Kf = (x − a)p.

�������5��: �F´���, a ∈ F . Ka ∈ F ⇐⇒é¤kσ ∈ Gal(F/F )kσ(a) = a.

íØ 7.31. �A ∈ Fn×n.
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(1) A3Fþ�é�z=⇒ LA�ü.

(2) XJF´���, KA3Fþ�é�z⇐⇒ LA�ü.

y². �I5¿�: A3Fþ�é�z⇐⇒ pA3F¥Ã�; LA�ü⇐⇒ pAÃ²�Ïf. 2
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1lÙ SÈ�m

§8.1 SÈ

�Ù·�o´b�F = R½C.

½Â 8.1. �V´F -�5�m. Vþ���SÈ���¼ê〈·, ·〉 : V × V → F , (α, β) 7→ 〈α, β〉÷
v:

(a) 〈α+ β, γ〉 = 〈α, γ〉+ 〈β, γ〉,

(b) 〈cα, β〉 = c〈α, β〉,

(c) 〈β, α〉 = 〈α, β〉, (=⇒ 〈α, β + γ〉 = 〈α, β〉+ 〈β, γ〉, 〈α, cβ〉 = c̄〈α, β〉)

(d) α 6= 0 =⇒ 〈α, α〉 > 0.

�½
SÈ�F -�5�m¡�SÈ�m. k��¢SÈ�m��Euclid�m(Euclidean space).

ESÈ�m��j�m.

5 8.1. �F = C�, �U�¦〈α, cβ〉 = c̄〈α, β〉(1 1
2 -�5). XJ�¦V�5, K�(d)Ø�N:

〈α, α〉 > 0 =⇒ 〈iα, iα〉 = −〈α, α〉 < 0.

~ 8.1. �V = Fn×1. éα =


x1

...

xn

, β =


y1

...

yn

,

〈α, β〉 =

n∑
j=1

xj ȳj = αtβ̄ = β∗α

½Â
Fn×1þ�SÈ, ¡�IOSÈ. Ù¥éA ∈ Fm×n, A∗ := At ∈ Fn×m�A�=��Ý. a

q/, �±½ÂFnþ�IOSÈ.

~ 8.2. �V = Fm×n.

〈A,B〉 = tr(AB∗) = tr(B∗A) =
∑
j,k

AjkBjk

½Â
Fm×nþ�SÈ.

½Â 8.2. Ý
A ∈ Fn×n¡�HermiteÝ
(Hermitian matrix)(F = R�¡�é¡Ý
), X

JA∗ = A. XJ?�Ú�k

X∗AX > 0, ∀X ∈ Fn×1 r {0},

K¡A´�½�.

~ 8.3. �Q ∈ GLn(F ). KA = Q∗Q�½Hermite.

Ún 8.1. �dimV = n, B = {α1, . . . , αn}´V�kSÄ. éuα, β ∈ V , PX = [α]B, Y = [β]B.

(1) eA ∈ Fn×n�½Hermite, K

〈α, β〉 = Y ∗AX =
∑
j,k

Akjxj ȳk (8.1)

½Â
Vþ�SÈ.

(2) é?¿Vþ�SÈ〈·, ·〉, �3����½HermiteÝ
A ∈ Fn×n¦�(8.1)¤á, ¡�TSÈ
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3kSÄBe�Ý
.

y². (1) N´�y(a)-(d)¤á.

(2) ��5: XJÝ
A ∈ Fn×n÷v(8.1), �α = αj , β = αk�

Akj = 〈αj , αk〉.

�35: ddª½ÂÝ
A. K

〈α, β〉 =

〈∑
j

xjαj ,
∑
k

ykαk

〉
=
∑
j,k

xj ȳk〈αj , αk〉 =
∑
j,k

xj ȳkAkj = Y ∗AX,

=(8.1)¤á. dSÈ½Â=�A�½Hermite. 2

~ 8.4. �A =

[
1 −1

−1 4

]
∈ R2×2. w,Aé¡. duéX =

[
x1

x2

]
6= 0k

XtAX = (x1, x2)

[
1 −1

−1 4

][
x1

x2

]
= x2

1 − 2x1x2 + 4x2
2 = (x1 − x2)2 + 3x2

2 > 0,

¤±A�½. Ïd,

〈α, β〉 = βtAα = αtAβ = (x1, x2)

[
1 −1

−1 4

][
y1

y2

]
= x1y1 − x1y2 − x2y1 + 4x2y2

½Â
R2×1þ�SÈ, §3IOÄe�Ý
´A.

~ 8.5. �T : V →W´ü�5N�, 〈·, ·〉0´Wþ�SÈ. K

〈α, β〉 := 〈Tα, Tβ〉0
½Â
Vþ�SÈ. ~X:

• �〈·, ·〉0´Fn×1þ�IOSÈ, Q ∈ GLn(F ), T = LQ. K

〈α, β〉 = 〈Qα,Qβ〉0 = (Qβ)∗Qα = β∗(Q∗Q)α

�´Fn×1þ�SÈ. §3IOÄe�Ý
�Q∗Q.

• �dimV = n, B = {α1, . . . , αn}´V�kSÄ, T = ΓB : V → Fn×1´�IN�, 〈·, ·〉0´Fn×1þ

�IOSÈ. K〈α, β〉 = 〈Tα, Tβ〉0, =〈∑
j

xjαj ,
∑
k

ykαk

〉
=
∑
j

xj ȳj

´Vþ�SÈ. §3kSÄBe�Ý
�In. AO/, Fn×1þ�IOSÈ3IOÄe�Ý


´In.

�V´SÈ�m. ·�½Âα ∈ V��Ý�‖α‖ := 〈α, α〉 12 . ¢Sþ, SÈ��Ýû½:

Ún 8.2(4zð�ª). (1) eF = R, K

〈α, β〉 =
1

4
(‖α+ β‖2 − ‖α− β‖2).

(2) eF = C, K

〈α, β〉 =
1

4

4∑
k=1

ik‖α+ ikβ‖2.

y². Ñ. 2
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§8.2 SÈ�m

�Ýke¡�5�:

Ún 8.3. (1) ‖cα‖ = |c|‖α‖.

(2) α 6= 0 =⇒ ‖α‖ > 0.

(3) (Cauchy-SchwarzØ�ª) |〈α, β〉| ≤ ‖α‖‖β‖, ¿�“=”¤á⇐⇒ α�β�5�'.

(4) (n�Ø�ª) ‖α+ β‖ ≤ ‖α‖+ ‖β‖.

y². (1), (2)w,.

(3) Ø��α 6= 0. �γ = β − 〈β,α〉‖α‖2 α(´β3α⊥þ���ÝK). K〈γ, α〉 = 0. l

0 ≤ ‖γ‖2 =

〈
γ, β − 〈β, α〉

‖α‖2
α

〉
= 〈γ, β〉 =

〈
β − 〈β, α〉

‖α‖2
α, β

〉
= 〈β, β〉−〈β, α〉〈α, β〉

‖α‖2
= ‖β‖2−|〈α, β〉|

2

‖α‖2
.

ùÒíÑ���Ø�ª. “=”¤á⇐⇒ γ = 0⇐⇒ α�β�5�'.

(4) d(3)k

‖α+ β‖2 = ‖α‖2 + ‖β‖2 + 〈α, β〉+ 〈β, α〉 = ‖α‖2 + ‖β‖2 + 2Re〈α, β〉

≤ ‖α‖2 + ‖β‖2 + 2|〈α, β〉| ≤ ‖α‖2 + ‖β‖2 + 2‖α‖‖β‖ = (‖α‖+ ‖β‖)2.

2

~ 8.6. éRnþ�IOSÈA^Cauchy-SchwarzØ�ª, � n∑
j=1

xjyj

2

≤

 n∑
j=1

x2
j

 n∑
j=1

y2
j

 .

½Â 8.3. �V´SÈ�m.

• éuα, β ∈ V , XJ〈α, β〉 = 0, K¡α�βR�½��, P�α⊥β.

• XJV�f8S¥��þüü��, K¡S���8(orthogonal set). XJ?�Ú�k‖α‖ =

1,∀α ∈ S, K¡S�IO��8(orthonormal set).

• ´��8�Ä¡���Ä, ´IO��8�Ä¡�IO��Ä.

~ 8.7. 5¿0�?Û�þR�. Fn×1�IOÄ3IOSÈe´IO��Ä.

�F = R�, éuα, β ∈ V r {0}, dCauchy-SchwarzØ�ª, �±½Âα�β�m��Ý�

∠(α, β) := arccos
〈α, β〉
‖α‖‖β‖

.

Kα⊥β ⇐⇒ ∠(α, β) = π/2. 5¿k

〈α, β〉 = ‖α‖‖β‖ cos∠(α, β).

Ún 8.4. XJα⊥β, K

‖α+ β‖2 = ‖α‖2 + ‖β‖2.

���/, XJ{α1, . . . , αm}´��8, K∥∥∥∥∥∥
m∑
j=1

αj

∥∥∥∥∥∥
2

=

m∑
j=1

‖αj‖2.

y². dÚn8.3(4)�y²w,. 2
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5¿XJ{α1, . . . , αn}´IO��Ä, K〈
n∑
j=1

xjαj ,

n∑
k=1

ykαk

〉
=

n∑
j=1

xj ȳj .

AO/, ∥∥∥∥∥∥
n∑
j=1

xjαj

∥∥∥∥∥∥
2

=

n∑
j=1

|xj |2.

·K 8.5. Ø¹"�þ���8o´�5Ã'�.

y². �S´Ø¹"�þ���8, α1, . . . , αm ∈ S. b�
∑m
j=1 cjαj = 0. K

0 =

〈
m∑
j=1

cjαj , αk

〉
= ck‖αk‖2 =⇒ ck = 0.

2

Ïd, �
`²��Ø¹"�þ���8´��Ä, �I`²§)¤��m.

·K 8.6. �V´k��SÈ�m, {β1, . . . , βn}´V�kSÄ.

(1) �3���V���Ä{α1, . . . , αn}Úé���1�þn�Ý
N÷v

[β1, . . . , βn] = [α1, . . . , αn]N. (8.2)

(2) �3���V�IO��Ä{α′1, . . . , α′n},é���1�þn�Ý
NÚé����ê�é�

Ý
A÷v

[β1, . . . , βn] = [α′1, . . . , α
′
n]AN. (8.3)

d�k

span{α1, . . . , αk} = span{α′1, . . . , α′k} = span{β1, . . . , βk}, k = 1, . . . , n.

y². (1) ò(8.2)ª��

β1 = α1,

β2 = N12α1 + α2,

...

βn = N1nα1 + · · ·+Nn−1,nαn−1 + αn.

5¿cm��ªíÑ

span{α1, . . . , αm} = span{β1, . . . , βm}.

·�8By²: é?¿1 ≤ m ≤ n,�3���α1, . . . , αm ∈ V r{0}ÚNjk ∈ F (1 ≤ j < k ≤ m)¦

cm��ª¤á, ¿�{α1, . . . , αm}´��8. m = 1�ÃIy². b�1 < m ≤ n, ¿�(Ø

36



ém− 1¤á. K

αmÚN1m, . . . , Nm−1,m¦�cm��ª¤á¿�{α1, . . . , αm}´��8

⇐⇒ αmÚN1m, . . . , Nm−1,m¦�1m��ª¤á(=βm = αm +

m−1∑
j=1

Njmαj)¿�αm⊥αk(1 ≤ k ≤ m− 1)

⇐⇒ αm = βm −
m−1∑
j=1

Njmαj¿�0 = 〈αm, αk〉 = 〈βm −
m−1∑
j=1

Njmαj , αk〉 = 〈βm, αk〉 −Nkm‖αk‖2(1 ≤ k ≤ m− 1)

⇐⇒ Nkm =
〈βm, αk〉
‖αk‖2

(1 ≤ k ≤ m− 1)¿�αm = βm −
m−1∑
j=1

Njmαj .

ÏdαmÚN1m, . . . , Nm−1,m���û½, =(Ø���5Ü©ém¤á. ,	, 5¿�ù�û½

Ñ�αm 6= 0. (ÄK, òk

βm =

m−1∑
j=1

Njmαj ∈ span{α1, . . . , αm−1} = span{β1, . . . , βm−1},

�{β1, . . . , βn}´Ägñ. ùp�����Òd8Bb�íÑ.) Ïd, (Ø��35Ü©ém�

¤á. 3(Ø¥�m = n=�(1).

(2) �35: d(1)��35Ü©, ����Ä{α1, . . . , αn}Úé���1�þn�Ý
N÷

v(8.2). �α′j =
αj
‖αj‖ , A = diag(‖α1‖, . . . , ‖αn‖). K(8.3)¤á. 5¿�

span{α1, . . . , αk} = span{α′1, . . . , α′k}.

��5: �(8.3)¤á. �A = diag(a1, . . . , an), αj = ajα
′
j . K(8.2)¤á. d(1)���5Ü©,

αjÚN�βj��û½. ,��¡, α′jÚaj�αj��û½, l��βj��û½. 2

3(1)�y²¥, |^

Nkm =
〈βm, αk〉
‖αk‖2

, αm = βm −
m−1∑
j=1

Njmαj

�±dβj8B�Eαj . ù�L§¡�Gram-Schmidt��z. d?¿m��þβ1, . . . , βmÑu,

A^Gram-Schmidt��zL§, XJ3,Úkαj = 0, Kβ1, . . . , βm�5�'. XJz�αj 6= 0,

Kβ1, . . . , βm�5Ã', ¿�é?¿k ∈ {1, . . . ,m}, {α1, . . . , αk}´span{β1, . . . , βk}���Ä.

íØ 8.7. �V´k��SÈ�m. KV¥?¿Ø¹"�þ���8�±*¿�V���Ä, V¥

�?¿IO��8�±*¿�V�IO��Ä. AO/, V�3IO��Ä. 2

·K 8.8. �S = {α1, . . . , αm}´Ø¹"�þ���8, β ∈ spanS. K

β =

m∑
k=1

〈β, αk〉
‖αk‖2

αk.

AO/, XJ{α1, . . . , αn}´V���Ä, K

β =

n∑
k=1

〈β, αk〉
‖αk‖2

αk.

XJ{α1, . . . , αn}�´V�IO��Ä, K

β =

n∑
k=1

〈β, αk〉αk.
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y². �β =
∑m
j=1 cjαj . K

〈β, αk〉 =

〈
m∑
j=1

cjαj , αk

〉
= ck‖αk‖2 =⇒ ck =

〈β, αk〉
‖αk‖2

.

2

·K 8.9(BesselØ�ª). �S = {α1, . . . , αm}´Ø¹"�þ���8, β ∈ V . K
m∑
k=1

|〈β, αk〉|2

‖αk‖2
≤ ‖β‖2.

¿�“=”¤á⇐⇒ β ∈ spanS.

y². òS*¿�V���Ä{α1, . . . , αn}. K

β =

n∑
k=1

〈β, αk〉
‖αk‖2

αk.

Ïd

‖β‖2 =

n∑
k=1

|〈β, αk〉|2

‖αk‖2
≥

m∑
k=1

|〈β, αk〉|2

‖αk‖2
.

�Ò¤á⇐⇒ 〈β, αm+1〉 = · · · = 〈β, αn〉 = 0⇐⇒ β =
∑m
k=1

〈β,αk〉
‖αk‖2 αk ⇐⇒ β ∈ spanS. 2

ùíÑ: XJS = {α1, . . . , αm}´IO��8, β ∈ V , K
m∑
k=1

|〈β, αk〉|2 ≤ ‖β‖2,

¿�“=”¤á⇐⇒ β ∈ spanS.

~ 8.8. P282-283~12,13. Ñ.

½Â 8.4. �S´SÈ�mV�f8. ½ÂS3V¥���Ö�

S⊥ := {α ∈ V | α⊥β,∀β ∈ S}.

N´�yS⊥o´f�m, ¿�S⊥ = (spanS)⊥.

·K 8.10. �V´k��SÈ�m, W ⊂ V´f�m. KdimW + dimW⊥ = dimV .

y². �W�IO��Ä{α1, . . . , αm}, ¿*¿�V�IO��Ä{α1, . . . , αn}. éuβ ∈ V , k

β =

n∑
k=1

〈β, αk〉αk.

Ïd

β ∈W⊥ ⇐⇒ 〈β, α1〉 = · · · = 〈β, αm〉 = 0

⇐⇒ β =

n∑
k=m+1

〈β, αk〉αk

⇐⇒ β ∈ span{αm+1, . . . , αn}.

lW⊥ = span{αm+1, . . . , αn}, Ïd{αm+1, . . . , αn}´W⊥�Ä. 2

5 8.2. ·�±cQy²: �W´k���5�mV�f�m, ¿½ÂW 0 = {f ∈ V ∗ | f |W = 0},
KdimW+dimW 0 = dimV . þ¡�·K�±À�ù�(Ø�AÏ�¹. ¢Sþ,�F = R½C�,

Vþ���SÈ〈·, ·〉û½
��N�Φ : V → V ∗, Φ(β)(α) = 〈α, β〉. (ÖþPΦ(β) = fβ .) N´w

Ñ, Φ=üq÷, ¿�´¢�5�. (5¿�F = C�kΦ(cβ) = c̄Φ(β), ÏdΦØ´E�5�.) d

	, XJW ⊂ V´f�m, KΦ(W⊥) = W 0. ÏddimW⊥ = dimW 0.
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íØ 8.11. �V´k��SÈ�m, W ⊂ V´f�m. K(W⊥)⊥ = W .

y². w,W ⊂ (W⊥)⊥. dimW = dim(W⊥)⊥. ¤±(W⊥)⊥ = W . 2

íØ 8.12. �V´k��SÈ�m, W ⊂ V´f�m. KV = W ⊕W⊥.

y². w,W ∩W⊥ = {0}. 

dim(W ⊕W⊥) = dimW + dimW⊥ = dimV.

¤±W ⊕W⊥ = V . 2

·�r÷W⊥�Wþ�ÝK¡��Wþ���ÝK,P�PW . éuβ ∈ V ,·��¡PWβ�β3Wþ

���ÝK. N´wÑ, XJ{α1, . . . , αm}´W���Ä, K

PWβ =

m∑
j=1

〈β, αj〉
‖αj‖2

αj .

XJ{α1, . . . , αm}�´W�IO��Ä, K

PWβ =

m∑
j=1

〈β, αj〉αj .

5 8.3. • ·���,XJV = R⊕N , E´÷N�Rþ�ÝK,KI −E´÷R�Nþ�ÝK.Ï

d, PW⊥ = I − PW .

• 3Gram-Schmidt��zL§¥, PWk = span{β1, . . . , βk}, Kαk = PW⊥k−1
βk.

·K 8.13. PWβ´β3W¥��Z%C, =¼êW → R, α 7→ ‖β − α‖3��3PWβ?����
�.

y². éα ∈ Wkβ − α = (β − PWβ) + (PWβ − α). duβ − PWβ ∈ W⊥, PWβ − α ∈ W , ¤

±(β − PWβ)⊥(PWβ − α). Ïd

‖β − α‖2 = ‖β − PWβ‖2 + ‖PWβ − α‖2.

Ïd‖β − α‖�����⇐⇒ ‖PWβ − α‖�����⇐⇒ α = PWβ. 2

§8.3 �5¼êÚ��C�

�V´k��SÈ�m. �Äþ�!½Â�N�Φ : V → V ∗, Φ(β)(α) = 〈α, β〉.

Ún 8.14. Φ=üq÷. ¿��Ý�5, =Φ(cβ1 + β2) = c̄Φ(β)1 + Φ(β2).

y². �y=üq÷, �Iy²é?¿f ∈ V ∗, �3���β¦Φ(β) = f . �V�IO��

Ä{α1, . . . , αn}. éuβ =
∑n
j=1 cjαj ,

Φ(β) = f ⇐⇒ Φ(β)(αk) = f(αk),∀k.



Φ(β)(αk) = 〈αk, β〉 = 〈αk,
n∑
j=1

cjαj〉 =

n∑
j=1

c̄j〈αk, αj〉 = c̄k.

¤±

Φ(β) = f ⇐⇒ ck = f(αk),∀k ⇐⇒ β =

n∑
j=1

f(αj)αj .

Ïd÷vΦ(β) = f�β�3��.
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�Ý�5: é?¿αk

Φ(cβ1 +β2)(α) = 〈α, cβ1 +β2〉 = c̄〈α, β1〉+ 〈α, β2〉 = c̄Φ(β1)(α)+Φ(β2)(α) = (c̄Φ(β)1 +Φ(β2))(α).

ÏdΦ(cβ1 + β2) = c̄Φ(β)1 + Φ(β2). 2

5 8.4. • 3�Ý�5�Ä:þ,�y=üq÷,�Iy²Ker(Φ) = 0(5¿�dimR V = dimR V
∗).

ù´éN´�.

• {Φ(β)}0 = Ker(Φ(β)) = β⊥:

Ker(Φ(β)) = {α ∈ V | Φ(β)(α) = 0} = {α ∈ V | 〈α, β〉 = 0} = β⊥.

ùíÑé?¿S ⊂ Vk

Φ(S)0 =
⋂
β∈S

Ker(Φ(β)) =
⋂
β∈S

β⊥ = S⊥.

�k

Φ(S⊥) = S0.

¢SþÒ´Ó���mkü�Ó��éó.

Ún 8.15. �V´k��SÈ�m. Ké?¿T ∈ L(V ), �3���T ∗ ∈ L(V )÷v

〈Tα, β〉 = 〈α, T ∗β〉, ∀α, β ∈ V.

XJB = {α1, . . . , αn}´kSIO��Ä, K[T ∗]B = [T ]∗B.

y².

〈Tα, β〉 = 〈α, T ∗β〉 ⇐⇒ Φ(β)(Tα) = Φ(T ∗β)(α)⇐⇒ Φ(β) ◦ T = Φ(T ∗β)⇐⇒ T t(Φ(β)) = Φ(T ∗β)

⇐⇒ T t ◦ Φ = Φ ◦ T ∗ ⇐⇒ T ∗ = Φ−1 ◦ T t ◦ Φ.

N´�yΦ−1 ◦ T t ◦ Φ�5. 5¿T ∗´¦�ãL

V ∗
T t // V ∗

V

Φ ∼=

OO

T∗
// V

Φ∼=

OO

������N�.

XJB = {α1, . . . , αn}´kSIO��Ä,KΦ(B) := {Φα1, . . . ,Φαn}´éóÄ.¤±[T t]Φ(B) =

[T ]tB. Ïd, �Iy²[T ∗]B = [T t]Φ(B). �F = R�, duΦ´�5�¿�ãL���, ù´w,

�. �F = C�, y²Xe. �[T ∗]B = A. K

T ∗αk =

n∑
j=1

Ajkαj .

ü>�Φ, �

T tΦ(αk) = Φ(T ∗αk) =

n∑
j=1

AjkΦ(αj),

=[T t]Φ(B) = A. 2

T ∗¡�T�('uSÈ�)��C�.

5: �±é���T ∈ L(V,W )½ÂT ∗.

~ 8.9. 3Fn×1þ�IOSÈe, L∗A = LA∗ . �I�y〈LAX,Y 〉 = 〈X,LA∗Y 〉, =〈AX,Y 〉 =
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〈X,A∗Y 〉. 〈X,Y 〉 = Y ∗X. ¤±�ö�duY ∗(AX) = (A∗Y )∗X. ù´w,�.

��C�ke¡�5�:

Ún 8.16. (1) (T + U)∗ = T ∗ + U∗.

(2) (cT )∗ = c̄T ∗.

(3) (TU)∗ = U∗T ∗.

(4) (T ∗)∗ = T .

y². �±|^T ∗ = Φ−1◦T t◦Φ. ��±���y. ~X,�
���y(4),�I�y〈T ∗α, β〉 =

〈α, Tβ〉. ù´w,�. 2

ù
5�`²: F = C�, N�T 7→ T ∗´C-�ê�L(V )��Ý�5�gÓ�.

XJT ∗ = T , =

〈Tα, β〉 = 〈α, Tβ〉, ∀α, β ∈ V,

K¡T´g��.

Ún 8.17. �B = {α1, . . . , αn}´SÈ�mV�IO��Ä. KT ∈ L(V )g�⇐⇒ [T ]B Hermite.

y². du[T ∗]B = [T ]∗B, ¤±T ∗ = T ⇐⇒ [T ∗]B = [T ]B ⇐⇒ [T ]∗B = [T ]B ⇐⇒ [T ]B Hermite. 2

~ 8.10. �W´k��SÈ�mV�f�m. KPWg�.¯¢þ,�W�kSIO��8{α1, . . . , αm},
¿*¿�V�kSIO��Ä{α1, . . . , αn}. K[P ]B = diag(Im, 0)´HermiteÝ
.

5¿é?¿T ∈ L(V ), �3���g�C�T1, T2 ∈ L(V )÷vT = T1 + iT2. ¯¢þ, T1 =
1
2 (T + T ∗), T2 = 1

2i (T − T
∗).

§8.4 ��C�ÚjC�

½Â 8.5. �V,W´SÈ�m. XJT ∈ L(V,W )÷v〈Tα, Tβ〉 = 〈α, β〉, K¡T�SÈ. XJT�

SÈ¿�´�5�m�Ó�, K¡T´SÈ�m�Ó�. d�T−1�´SÈ�m�Ó�. XJ

3V�Wm�3SÈ�m�Ó�, K¡V�W��SÈ�mÓ�.

·K 8.18. T�SÈ⇐⇒ T��Ý, =‖Tα‖ = ‖α‖, ∀α ∈ V . AO/, �SÈ=⇒ü.

y². “=⇒” w,.

“⇐=” �IA^4zð�ª.

XJT��Ý, KKer(T ) = {0}, lTü. 2

Ïd, �SÈC����åC�(isometry).

·K 8.19. �V,W´k��SÈ�m, dimV = dimW , T ∈ L(V,W ). TFAE:

(1) T�SÈ.

(2) T´SÈ�m�Ó�.

(3) Trz�V�IO��ÄN�W�IO��Ä.

(4) Tr,�V�IO��ÄN�W�IO��Ä.

y². “(1)=⇒(2)” T�SÈ=⇒ Tü. dimV = dimW , ¤±T÷.

“(2)=⇒(3)”�{α1, . . . , αn}´V�IO��Ä.K{Tα1, . . . , Tαn}´W�Ä,¿�〈Tαj , Tαk〉 =
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〈αj , αk〉 = δjk. Ïd{Tα1, . . . , Tαn}´IO��Ä.

“(3)=⇒(4)” w,.

“(4)=⇒(1)”�TrV�IO��Ä{α1, . . . , αn}N�W�IO��Ä{Tα1, . . . , Tαn}. Kéα, β ∈
V , �α =

∑n
j=1 xjαj , β =

∑n
k=1 ykαk. K

〈Tα, Tβ〉 = 〈
n∑
j=1

xjTαj ,

n∑
k=1

ykTαk〉 =

n∑
j=1

xj ȳj = 〈
n∑
j=1

xjαj ,

n∑
k=1

ykαk〉 = 〈α, β〉.

2

íØ 8.20. �V,W´k��SÈ�m. KV�W��SÈ�mÓ�⇐⇒ dimV = dimW .

y². “=⇒” w,.

“⇐=” �V�IO��Ä{α1, . . . , αn}ÚW�IO��Ä{β1, . . . , βn}. �T ∈ L(V,W )÷

vTαj = βj . KT´SÈ�m�Ó�. 2

~ 8.11. �V´k��SÈ�m, B = {α1, . . . , αn}´kSIO��Ä. K�IN�ΓB : V →
Fn×1, α 7→ [α]B´SÈ�m�Ó�('uFn×1þ�IOSÈ).

½Â 8.6. • ¢SÈ�mV��SÈ�m�gÓ�¡���C�. PVþ¤k��C�3N�

EÜe�¤�+�O(V ), ¡�Vþ���+.

• ESÈ�mV��SÈ�m�gÓ�¡�jC�. PVþ¤kjC�3N�EÜe�¤�

+�U(V ), ¡�Vþ�j+.

·K 8.21. dimV <∞. KéuT ∈ L(V ), TFAE:

(1) T´SÈ�m�gÓ�.

(2) T�SÈ.

(3) T ∗T = I.

y². “(1)⇐⇒(2)” dþ�·Kw,.

“(2)⇐⇒(3)” 5¿�ok〈Tα, Tβ〉 = 〈α, T ∗Tβ〉. Ïd

(2)⇐⇒ 〈α, T ∗Tβ〉 = 〈α, β〉 ⇐⇒ T ∗T = I.

2

½Â 8.7. �A ∈ Cn×n.

• XJAtA = I, K¡A¡���Ý
. P¤kn�¢��Ý
3Ý
¦{e�¤�+�O(n),

¡�n���+. P¤kn�E��Ý
3Ý
¦{e�¤�+�O(n,C), ¡�n�E��

+.

• XJA∗A = I, K¡A¡�jÝ
. P¤kn�jÝ
3Ý
¦{e�¤�+�U(n), ¡

�n�j+.

w,, XJA¢, KA��⇐⇒ Aj.

·K 8.22. �V´�Fþ�k��SÈ�m, B = {α1, . . . , αn}´kSIO��Ä, T ∈ L(V ).

(1) XJF = R, KT��⇐⇒ [T ]B��.

(2) XJF = C, KTj⇐⇒ [T ]Bj.

y². �Iy²T ∗T = I ⇐⇒ [T ]∗B[T ]B = I. ok[T ∗T ]B = [T ]∗B[T ]B. Ïd·K¤á. 2
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·K 8.23. �A ∈ Rn×n. TFAE:

(1) A��.

(2) At��.

(3) A�1�þ�¤Rn�IO��Ä('uIOSÈ).

(4) A���þ�¤Rn×1�IO��Ä('uIOSÈ).

y². “(1)⇐⇒(4)”. duRn×1�IOÄ'uIOSÈ´IO��Ä, ¿�LA3IOÄe�Ý


�A, ¤±A��⇐⇒ LA��. LArIOÄN�A���þ8Ü. ¤±LA��⇐⇒(4).

“(2)⇐⇒(3)”. éAtA^“(1)⇐⇒(4)”.

“(1)⇐⇒(2)”. d½Â, A��⇐⇒ AtA = I, At��⇐⇒ AAt = I. ÏdüöÑ�du: A�

_¿�A−1 = At.

5 8.5. ��y²“(3)⇐⇒(4)”¿ØN´!

aq/, �±y²:

·K 8.24. �A ∈ Cn×n. TFAE:

(1) Aj.

(2) A∗j.

(3) A�1�þ�¤Cn�IO��Ä('uIOSÈ).

(4) A���þ�¤Cn×1�IO��Ä('uIOSÈ).

5 8.6. �kAj⇐⇒ Atj⇐⇒ Aj: A∗A = I ⇐⇒ A∗A = A∗ A = (A)∗A = I ⇐⇒ Aj⇐⇒
(A)∗ = Atj.

N´wÑ, A��=⇒ det(A) = ±1, Aj=⇒ |det(A)| = 1. P

SO(n) = {A ∈ O(n) | det(A) = 1},

SU(n) = {A ∈ U(n) | det(A) = 1},

©O¡�n�AÏ��+Ún�AÏj+. é?¿A0 ∈ O(n)rSO(n),kO(n) = SO(n)tA0SO(n).

~X, �A0 = diag(1, . . . , 1,−1). �k

U(n) = {zA | A ∈ SU(n), z ∈ C, |z| = 1}.

~ 8.12.

O(1) = {1,−1}.

U(1) = {z ∈ C | |z| = 1} = {eiθ | θ ∈ R}.

SO(1) = SU(1) = {1}.

SO(2) =

{[
x −y
y x

]
| x, y ∈ R, x2 + y2 = 1

}
=

{[
cos θ − sin θ

sin θ cos θ

]
| θ ∈ R

}
.

SU(2) =

{[
z −w̄
w z̄

]
| z, w ∈ C, |z|2 + |w|2 = 1

}
.

½n 8.25(QR©)½Iwasawa©)). �F = R½C. Ké?¿A ∈ GLn(F ), �3���Ak ∈
O(n)(eF = R)½U(n)(eF = C), é����ê�é�Ý
Aa, é���1�þn�Ý
An÷

vA = AkAaAn.
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y². �A = [β1, . . . , βn]. d·K8.6(2), �3���Fn×1�kSIO��Ä{α1, . . . , αn}, é
����ê�é�Ý
Aa, é���1�þn�Ý
An÷vA = [α1, . . . , αn]AaAn. �I25¿

�{α1, . . . , αn}´IO��Ä⇐⇒ Ak := [α1, . . . , αn] ∈ O(n)½U(n). 2

y3�ÄSÈ�mþ��IC�.�V´k��SÈ�m, B = {α1, . . . , αn}ÚB′ = {α′1, . . . , α′n}´
kSIO��Ä. K�IN�ΓB : V → Fn×1, α 7→ [α]BÚΓB′ : V → Fn×1, α 7→ [α]B′´S

È�m�Ó�('uFn×1þ�IOSÈ). ·���, �3���P ∈ GLn(F )÷vΓB = LP ◦
ΓB′ , =[α]B = P [α]B′ . KLP´SÈ�mFn×1�Ó�, =P (��LP3IOÄe�Ý
)´��Ý


(�F = R�)½jÝ
(�F = C�). ·����, é?¿T ∈ L(V ), k

[T ]B′ = P−1[T ]BP = P ∗[T ]BP.

½Â 8.8. • ¡A,B ∈ Rn×n���q, XJ�3P ∈ O(n)÷vB = P−1AP .

• ¡A,B ∈ Cn×nj�q, XJ�3P ∈ U(n)÷vB = P−1AP .

Ïd, 3F = C��¹, éuT ∈ L(V ), �kSIO��ÄB���Ý
[T ]B´j�q�, 

�¤kkSIO��ÄB���Ý
[T ]B�¤��j�q�da. éuF = R��¹aq. Ï

d, ·��±Je¡ü��d�¯K:

• ék��SÈ�mVÚT ∈ L(V ), ÏéV�kSIO��ÄB, ¦�Ý
[T ]B¦þ{ü.

• �½Ý
A ∈ Cn×n(½Rn×n), ÏéP ∈ U(n)(½O(n)), ¦�Ý
P−1AP¦þ{ü.

��, �
�SK, ·�Ö¿e¡�Vg:

½Â 8.9. �V´k��SÈ�m. ¡T ∈ L(V )��½�(positive definite)½��(positive), X

JTg�, ¿�〈Tα, α〉 > 0, ∀α ∈ V r {0}.

N´wÑ:

• T�⇐⇒¼ê(α, β) 7→ 〈Tα, β〉´SÈ.

• XJB´V�kSIO��Ä, KT�⇐⇒ [T ]B�½Hermite.

§8.5 �5C�

�!£�þ�!��JÑ�¯K.·�k�Ä3���q½j�q¿Âe��é�z¯K.

½Â 8.10. • k��SÈ�mVþ��5C�TXJ�T ∗���,K¡T��5C�(normal).

• Ý
A ∈ Cn×nXJ�A∗���, K¡A´�5�.

5 8.7. eT�5, �T1 = T+T∗

2 , T2 = T−T∗
2i . KT1, T2g����, ¿�T = T1 + iT2. Ï

dT1, T2�jé�z=⇒ T �jé�z.

g�C�!“�g�”C�(=T ∗ + T = 0)ÚjC�(��C�)Ñ´�5�. N´wÑ, X

JB´V�kSIO��Ä, KT�5⇐⇒ [T ]B�5. ·�y²:

½n 8.26. �V´Fþ�k��SÈ�m, T ∈ L(V ).

(1) eF = R, K�3V�kSIO��ÄB¦[T ]Bé�⇐⇒ Tg�.

(2) eF = C, K�3V�kSIO��ÄB¦[T ]Bé�⇐⇒ T�5.

e¡�íØ´w,�.

íØ 8.27. (1) A ∈ Rn×n���qué�Ý
⇐⇒ Aé¡.
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(2) A ∈ Cn×nj�qué�Ý
⇐⇒ A�5.

5 8.8. ¢�5Ý
(~X��Ý
)��Ø�qu¢é�Ý
. �±y²: ?¿¢�5Ý
��

�qu©¬é�Ý
, Ù¥z¬��ê�õ�2.

½n8.26�“=⇒”Ü©�y². �V�kSIO��ÄB¦�[T ]B = diag(c1, . . . , cn). K[T ∗]B =

[T ]∗B = diag(c̄1, . . . , c̄n). XJF = R, Kz�cj ∈ R, u´[T ∗]B = [T ]B, lT ∗ = T , =Tg�. X

JF = C, K[T ]B�[T ∗]B���. ùíÑT�T ∗���, =T�5. 2

�
y²½n8.26�“⇐=”Ü©, ky²A�Ún.

Ún 8.28. �V´k��SÈ�m, T ∈ L(V )g�. KfT ∈ R[x], ¿�3R[x]¥��©)��g

ª�¦È. AO/, σ(T ) ⊂ R.

y². �fT =
∏k
j=1(x− cj)rj , cj ∈ C. �Iy²cj ∈ R. �V�kSIO��ÄB. KA := [T ]B

Hermite. �X ∈ Cn×1 r {0}÷vAX = cjX. K

cjX
∗X = X∗(AX) = (X∗A)X = (AX)∗X = (cjX)∗X = c̄jX

∗X.

duX 6= 0, ¤±X∗X > 0. Ïdcj = c̄j , =cj ∈ R. 2

Ún 8.29. �V´k��SÈ�m, T ∈ L(V ). XJW ⊂ V´T -ØCf�m, KW⊥´T ∗-ØC

f�m.

y². �α ∈ W⊥. Ké?¿β ∈ W , k〈T ∗α, β〉 = 〈α, Tβ〉 = 0. ÏdT ∗α ∈ W⊥. ùÒy²


W⊥´T ∗-ØCf�m. 2

Ún 8.30. �V´k��SÈ�m, T ∈ L(V )�5.

(1) XJW ⊂ V´T -ØCf�m, KW⊥´T -ØCf�m, W´T ∗-ØCf�m.

(2) T�A�f�müü��.

y². (1)©O�W�IO��ÄB1ÚW⊥�IO��ÄB2,KB = (B1,B2)´V�IO��Ä,

lA := [T ]B�5. duW´T -ØC�, ¤±A/X

A =

[
B C

0 D

]
.

O��

AA∗ =

[
BB∗ + CC∗ ∗

∗ ∗

]
, A∗A =

[
B∗B ∗
∗ ∗

]
.

A�5íÑ

BB∗ + CC∗ = B∗B.

ü>�Ý
�,, �tr(CC∗) = 0, lC = 0. ÏdW⊥´T -ØCf�m. 2dÚn8.29, =

�W = (W⊥)⊥´T ∗-ØCf�m.

(2) �c1, c2 ∈ σ(T ), c1 6= c2. I�y²Vc1⊥Vc2 . �α ∈ Vc1 , β ∈ Vc2 . d(1), Fβ´T ∗-ØCf

�m, =T ∗β ∈ Fβ, ¿�

〈T ∗β, β〉 = 〈β, Tβ〉 = c̄2〈β, β〉.

ÏdT ∗β = c̄2β. ùíÑ

c1〈α, β〉 = 〈c1α, β〉 = 〈Tα, β〉 = 〈α, T ∗β〉 = 〈α, c̄2β〉 = c2〈α, β〉.

duc1 6= c2, ¤±〈α, β〉 = 0. 2
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5 8.9. éug�C�, Ún8.30(1)´Ún8.29���íØ, Ún8.30(2)�y²��\{ü((Ü

Ún8.28).

½n8.26�“⇐=”Ü©�y². dÚn8.30(1), T�ü. 2díØ7.30ÚÚn8.28, ��T�é�

z. �σ(T ) = {c1, . . . , ck}. Kk�Ú©)V =
⊕k

j=1 Vcj . dÚn8.30(2), T�Ú©)¥��Ú�

üü��. �Vcj�kSIO��ÄBj . KB = (B1, . . . ,Bk)´V�kSIO��Ä. duB¥�

�þÑ´T�A��þ, ¤±[T ]Bé�. 2

5 8.10. �
���Ú©)V =
⊕k

j=1 Vcj ,��±Ø^“�ü=⇒�é�z”: b�W :=
⊕k

j=1 Vcj 6=
V . �
��gñ,�I`²W⊥¥�3T�A��þ. Äk,dÚn8.30(1), W⊥´�"T -ØCf

�m. �F = C�, W⊥¥w,kT�A��þ. �F = R�¿�Tg��, N´wÑTW⊥�g�,

u´dÚn8.28, W⊥¥��3T�A��þ. 2

íØ 8.31. �V´Fþ�k��SÈ�m, T ∈ L(V ). b�½öF = R¿�Tg�, ½öF = C¿
�T�5. Kk���Ú©)V =

⊕
c∈σ(T ) Vc. 2

�±|^ùÂ¥·K7.175¦��Ý
½jÝ
P¦�P−1APé�. d�I�éz�A�

f�mVc�IO��Ä.

3ESÈ�m��¹,g�C�!�g�C�ÚjC�´n«���5C�.§��±|

^Ì85�x.

íØ 8.32. �V´k��ESÈ�m, T ∈ L(V )�5. K:

(1) Tg�⇐⇒ σ(T ) ⊂ R.

(2) T�g�⇐⇒ σ(T ) ⊂ iR.

(3) Tj⇐⇒ σ(T ) ⊂ {z ∈ C | |z| = 1}.

y². �V�kSIO��ÄB¦�A := [T ]Bé�. Kσ(T )´A�é���8Ü.

(1) Tg�⇐⇒ A Hermite ⇐⇒ A¢é�⇐⇒ σ(T ) ⊂ R.

(2) �±aq(1)5y², ��±5¿Tg�⇐⇒ iT�g�¿|^(1).

(3) Tj⇐⇒ Aj⇐⇒ A�é����Ñ´1⇐⇒ σ(T ) ⊂ {z ∈ C | |z| = 1}. 2

íØ 8.33. �A ∈ Cn×n.

(1) A Hermite ⇐⇒ Aj�qu¢é�Ý
.

(2) A�Hermite ⇐⇒ Aj�quXJé�Ý
.

(3) Aj⇐⇒ Aj�qué����´1�é�Ý
.

�e5?Ø��Ý
3���q½j�qe�IO/.

½n 8.34(Schurn�z½n). �V´k��ESÈ�m, T ∈ L(V ). K�3V�kSIO��

ÄB¦�[T ]Bþn�.

y². dùÂ�½n6.24, �3T -ØC��á{0} = W0 ( · · · ( Wn = V . �V�kS

IO��ÄB = {α1, . . . , αn}¦�Wj = span{α1, . . . , αj}. K[T ]Bþn�(�½n6.24�y²¥

�“(4)=⇒(1)”). 2

íØ 8.35. ?¿A ∈ Cn×nj�quþn�Ý
.

5 8.11. éu¢Ý
, �Schurn�z½n��aq�(JØ¤á. �±y²: ?¿A ∈ Rn×n�
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��qu©¬þn�Ý
, Ù¥z¬�1êÚ�ê�õ�2.

½n8.26(2)�“⇐=”Ü©��±lSchurn�z½n��Ý#n)(y²).

Ún 8.36. �A ∈ Cn×n´þn�Ý
. KA�5⇐⇒ Aé�.

y². “⇐=”: eAé�, KA∗ = Āé�, l�A���. ÏdA�5.

“=⇒”: A�5=⇒ LA�5('uCn×1þ�IOSÈ).�{ε1, . . . , εn}´IOÄ.dÚn8.30(1),

Aþn� =⇒ span{ε1, . . . , εk}´LA-ØC�, 1 ≤ k ≤ n− 1

=⇒ span{εk+1, . . . , εn} = span{ε1, . . . , εk}⊥´LA-ØC�, 1 ≤ k ≤ n− 1

=⇒ Aen�.

ÏdAé�. 2

½n8.26(2)�“⇐=”Ü©�,�y². b�T�5. �V�kSIO��ÄB¦�[T ]Bþn�.

K[T ]B�5, lé�. 2
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1ÊÙ SÈ�mþ��5C�

§9.1 �5�mþ�/ª

�F = R½C, V´F -�5�m. ·��Ä:

• �F = R�Vþ�V�5/ª;

• �F = C�Vþ�1 1
2 -�5/ª.

�ö�½ÂXe:

½Â 9.1. �V´E�5�m. Vþ�¼êf : V × V → CXJ÷v:

(a) f(cα+ β, γ) = cf(α, γ) + f(β, γ),

(b) f(α, cβ + γ) = c̄f(α, β) + f(β, γ),

K¡f´Vþ�1 1
2 -�5¼ê(sesqui-linear function)½1 1

2 -�5/ª(sesqui-linear form).

·�rùüöÑ{¡�Vþ�/ª, ¿rVþ�¤k/ª�8ÜP�Form(V ), §3g,½

Â�$�e�¤�5�m.

�dimV <∞, f ∈ Form(V ), B = {α1, . . . , αn}´V�kSÄ. ¡(j, k)-��f(αk, αj)�n��


�f3Be�Ý
, P�[f ]B. éuα =
∑
k xkαk, β =

∑
j yjαj ∈ V , k

f(α, β) = f(
∑
k

xkαk,
∑
j

yjαj) =
∑
j,k

xkȳjf(αk, αj) = [β]∗B[f ]B[α]B.

AO/, [f ]B�½Â�SÈ�Ý
�½Â´���.

~ 9.1. �A ∈ Fn×n. ½Âf ∈ Form(Fn×1)�

f(X,Y ) = Y ∗AX.

�B´Fn×1�IOkSÄ. K[f ]B = A.

·K 9.1. XJB′ = {α′1, . . . , α′n}´,�|kSÄ, [α′1, . . . , α
′
n] = [α1, . . . , αn]P , K

[f ]B′ = P ∗[f ]BP.

y². d�k[α]B = P [α]B′ . ¤±

[β]∗B′ [f ]B′ [α]B′ = f(α, β) = [β]∗B[f ]B[α]B = [β]∗B′P
∗[f ]BP [α]B′ , ∀α, β ∈ V.

Ïd[f ]B′ = P ∗[f ]BP . 2

½Â 9.2. �f ∈ Form(V ).

(1) XJF = R¿�f(α, β) = f(β, α), K¡f´é¡�.

(2) XJF = C¿�f(α, β) = f(β, α), K¡f´Hermite�.

�
�ÖþÚ�, ·�rü«�¹Ñ¡�Hermite�.

Ún 9.2. XJF = C, Kf Hermite ⇐⇒ f(α, α) ∈ R,∀α ∈ V .

y². “=⇒”: w,. “⇐=”: rf(α+ β, α+ β)Ðm, ^�íÑ

f(α, β) + f(β, α) ∈ R, ∀α, β ∈ V,

l

f(α, β) + f(β, α) = f(α, β) + f(β, α), ∀α, β ∈ V.
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òdª¥�βO��iβ, �

−if(α, β) + if(β, α) = if(α, β)− if(β, α), ∀α, β ∈ V.

dd�

f(α, β) = f(β, α), ∀α, β ∈ V.

2

½Â 9.3. �f ∈ Form(V )´Hermite�.

• XJf(α, α) > 0,∀α ∈ V r {0}, K¡f´�½�(positive definite)½��(positive).

• XJf(α, α) ≥ 0,∀α ∈ V , K¡f´��½�(positive semi-definite)½�K�(non-negative).

5¿�½Hermite/ªÒ´SÈ.

½Â 9.4. �A ∈ Fn×n´HermiteÝ
.

• XJX∗AX > 0,∀X ∈ Fn×1 r {0}, K¡A´�½�½��.

• XJX∗AX ≥ 0,∀X ∈ Fn×1, K¡A´��½�½�K�.

·K 9.3. �dimV < ∞, B´kSÄ, Kf Hermite ⇐⇒ [f ]B Hermite. d�, f�½⇐⇒ [f ]B�

½, f��½⇐⇒ [f ]B��½.

y². “=⇒”: w,. “⇐=”: �I5¿�

f(α, β) = [β]∗B[f ]B[α]B,

f(β, α) = ([α]∗B[f ]B[β]B)∗ = [β]∗B[f ]∗B[α]B.

Ù{(Ød

f(α, α) = [α]∗B[f ]B[α]B

´w,�. 2

e¡?Ø�½Ý
. N´wÑ:

• A�½=⇒ A�_.

• A�½, P ∈ GLn(F ) =⇒ P ∗AP�½. AO/, P ∈ GLn(F ) =⇒ P ∗P�½.

·K 9.4(Cholesky©)). �A ∈ Fn×n�½. K�3���é����ê�þn�Ý
R÷

vA = R∗R.

y². �ÄFn×1þ�SÈf(X,Y ) = Y ∗AXÚIOSÈf0(X,Y ) = Y ∗X. KéuR ∈ GLn(F ),

N�LR : (Fn×1, f)→ (Fn×1, f0)´SÈ�m�Ó�

⇐⇒ f0(RX,RY ) = f(X,Y ), ∀X,Y ∈ Fn×1

⇐⇒ Y ∗R∗RX = Y ∗AX, ∀X,Y ∈ Fn×1

⇐⇒ A = R∗R.

�½P ∈ GLn(F )¦�LP : (Fn×1, f)→ (Fn×1, f0)´SÈ�m�Ó�. KéuR ∈ GLn(F ),

LR : (Fn×1, f)→ (Fn×1, f0)´SÈ�m�Ó�

⇐⇒ LR ◦ L−1
P : (Fn×1, f0)→ (Fn×1, f0)´SÈ�m�Ó�

⇐⇒ RP−1 ∈ O(n)(½U(n))

⇐⇒ PR−1 ∈ O(n)(½U(n)).
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dQR©), P���©)�O(n)(½U(n))¥Ý
�é����ê�þn�Ý
�¦È, =�3

���é����ê�þn�Ý
R¦�PR−1 ∈ O(n)(½U(n)). 2

íØ 9.5. A�½=⇒ det(A) > 0.

y². �A = P ∗P , P�_. Kdet(A) = |det(P )|2 > 0. 2

e¡�Ñ���äHermiteÝ
Û��½��{.

½Â 9.5. �A ∈ Fn×n, 1 ≤ k ≤ n. 1�ª

∆k(A) := det


A11 · · · A1k

...
...

...

Ak1 · · · Akk


¡�A�1k�^SÌfª(leading principal minor).

½n 9.6. �A ∈ Fn×n Hermite. KA�½⇐⇒ ∆k(A) > 0, k = 1, . . . , n.

Ún 9.7(LU©)). �F´?¿�. KéA ∈ GLn(F ), TFAE:

(1) �3L,U ∈ GLn(F ), Len�, Uþn�, ÷vA = LU .

(2) ∆k(A) 6= 0, k = 1, . . . , n− 1.

d�, XJ��¦L(½U)�é��Ñ´1, K÷v(1)�L,U�´���.

y². “(1)=⇒(2)”: rL,U�¤©¬Ý
L =

[
Lk 0

∗ ∗

]
, U =

[
Uk ∗
0 ∗

]
, Ù¥Lk, Uk ∈ F k×k.

KA = LU =

[
LkUk ∗
∗ ∗

]
. Ïd

∆k(A) = det(LkUk) = det(Lk) det(Uk) 6= 0.

“(2)=⇒(1)Ú©)���5”: �Iy²�3���î�þn�Ý
(=é��Ñ�0)N ∈

Fn×n¦�A(N + I)en�, =A(N + I)�1k+ 1��ck1�0, 1 ≤ k ≤ n− 1. �A =

[
Ak ∗
∗ ∗

]
,

Ù¥Ak ∈ F k×k. �A,N�1k + 1�©O�αk+1, Nk+1, §��ck1©O�α′k+1, N
′
k+1 ∈ F k×1.

KNk+1 =

[
N ′k+1

0

]
. u´A(N + I)�1k + 1��

ANk+1 + αk+1 =

[
AkN

′
k+1 + α′k+1

∗

]
,

lÙck1�AkN ′k+1 +α′k+1. Ïd�Iy²: é?¿1 ≤ k ≤ n−1,�3���N ′k+1 ∈ F k×1÷

v

AkN
′
k+1 + α′k+1 = 0.

ù3(2)�b�e´w,�. (¢Sþ�¦�N ′k+1 = −A−1
k α′k+1.) 2

5 9.1. 8Ü

{LU | L,U ∈ GLn(F ), Len�, Uþn�}

¡�GLn(F )¥���Bruhat big cell. §�+GLn(F )�Bruhat©)k'.

½n9.6�y². “=⇒”: �A�½. ·�®²��∆n(A) = det(A) > 0. �1 ≤ k ≤ n − 1,
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A =

[
Ak ∗
∗ ∗

]
. KAk Hermite, ¿�é?¿X ∈ F k×1 r {0}k

X∗AkX =

[
X

0

]∗
A

[
X

0

]
> 0.

¤±Ak�½, Ïd∆k(A) = det(Ak) > 0.

“⇐=”: b�A ∈ Fn×n Hermite ¿�∆k(A) > 0, k = 1, . . . , n. ·�y²A�½. dLU©

), �3L,U ∈ GLn(F ), Len�, Uþn��é��Ñ�1, ÷vA = LU . PD = (U∗)−1L.

KA = U∗DU , lD Hermite. 5¿�D�´en��, lDé�. d[
Ak ∗
∗ ∗

]
=

[
U∗k 0

∗ ∗

][
Dk 0

0 ∗

][
Uk ∗
0 ∗

]
�Ak = U∗kDkUk. Ïd

∆k(A) = det(Ak) = det(U∗kDkUk) = det(Dk) = ∆k(D) > 0.

ùíÑD�é��Ñ> 0, l�½. ÏdA = U∗DU�½. 2

§9.2 SÈ�mþ�/ª

�!b�V´F = R½Cþ�k��SÈ�m. d�, �½�SÈ�Ñ
L(V )�Form(V )�

��éA. Äk, é?¿T ∈ L(V ), f(α, β) = 〈Tα, β〉´/ª. ù�Ñ
�5N�

F : L(V )→ Form(V ), F(T )(α, β) = 〈Tα, β〉.

,��¡, é?¿f ∈ Form(V ), �Ä�Ý�5N�

Φf : V → V ∗, Φf (α)(β) = f(α, β).

£Á·��k�Ý�5Ó�

Φ : V → V ∗, Φ(α)(β) = 〈β, α〉 = 〈α, β〉.

K

Tf := Φ−1 ◦ Φf

�5. ù�Ñ
�5N�

T : Form(V )→ L(V ), T(f) = Tf = Φ−1 ◦ Φf .

5¿Tf÷v5�

〈Tfα, β〉 = Φ(Tfα)(β) = Φf (α)(β) = f(α, β).

Ún 9.8. F�Tp�_N�.

y². Äk,

(F ◦ T(f))(α, β) = F(Tf )(α, β) = 〈Tfα, β〉 = f(α, β),

=F ◦ T(f) = f . ,��¡,

〈(T ◦ F(T ))α, β〉 = 〈TF(T )α, β〉 = F(T )(α, β) = 〈Tα, β〉.

ÏdT ◦ F(T ) = T . 2

·K 9.9. �f ∈ Form(V ). Kf Hermite⇐⇒ Tfg�.d�, f�½⇐⇒ Tf�½, f��½⇐⇒ Tf�

�½.
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ùpTf�½½��½�:

½Â 9.6. �T ∈ L(V ).

• XJTg�¿�〈Tα, α〉 > 0,∀α ∈ V r {0}, K¡T´�½�½��.

• XJTg�¿�〈Tα, α〉 ≥ 0,∀α ∈ V , K¡T´��½�½�K�.

ky²:

Ún 9.10. �B = {α1, . . . , αn}´V�kSIO��Ä.

(1) �T ∈ L(V ), A = [T ]B. KAkj = 〈Tαj , αk〉.

(2) �f ∈ Form(V ). K[Tf ]B = [f ]B.

y². (1) é?¿α ∈ Vkα =
∑
k〈α, αk〉αk. Ïd

Tαj =
∑
k

〈Tαj , αk〉αk.

Ad

Tαj =
∑
k

Akjαk

û½. '�Xê=�.

(2)

[f ]B�(j, k)-� = f(αk, αj) = 〈Tfαk, αj〉 = [Tf ]B�(j, k)-�.

2

5 9.2. 〈f, g〉 = tr(TfT
∗
g )½Â
Form(V )þ�SÈ,¿�é?¿V�IO��ÄB = {α1, . . . , αn},

k

〈f, g〉 =
∑
j,k

f(αj , αk)g(αj , αk).

¯¢þ, �I5¿�(T,U) 7→ tr(TU∗)´L(V )þ�SÈ, ¿�, PA = [f ]B, B = [g]B, K

tr(TfT
∗
g ) = tr([TfT

∗
g ]B) = tr(AB∗) =

∑
j,k

AjkBjk =
∑
j,k

f(αj , αk)g(αj , αk).

·K9.9�y². �V�kSIO��ÄB. dÚn,

f Hermite ⇐⇒ [f ]B Hermite ⇐⇒ [Tf ]B Hermite ⇐⇒ Tfg�.

'u�½5Ú��½5�(Ød½Â´w,�. 2

íØ 9.11. �F = C. KT ∈ L(V )g�⇐⇒ 〈Tα, α〉 ∈ R,∀α ∈ V .

y². �f ∈ Form(V )¦Tf = T . KTfg�⇐⇒ f Hermite ⇐⇒ 〈Tfα, α〉 = f(α, α) ∈ R. 2

íØ 9.12. �f ∈ Form(V ).

(1) (Ì¶½n) XJf Hermite, K�3kSIO��ÄB¦�[f ]B¢é�.

(2) XJF = C, K�3kSIO��ÄB¦�[f ]Bþn�.

y². (1) f Hermite =⇒ Tfg�. Ïd��B¦�[f ]B = [Tf ]B¢é�.

(2) dSchurn�z½n, ��B¦�[f ]B = [Tf ]Bþn�. 2

5 9.3. 3Ì¶½n¥, XJB = {α1, . . . , αn}¿�[f ]B = diag(c1, . . . , cn), K

f(
∑
k

xkαk,
∑
j

yjαj) =
∑
j

cjxj ȳj .
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§9.3 Ì©)

�F = R½C, V´Fþ�k��SÈ�m. £Á:

• éuf�mW ⊂ VkV = W ⊕W⊥, l?¿α ∈ V���©)�α = β + γ, Ù¥β ∈ W ,

γ ∈W⊥. N�PW ∈ L(V ), PW (α) = β¡��Wþ���ÝK.

• XJ�Ú©)V =
⊕k

i=1Wi¥��Ú�Wiüü��,K¡§����Ú©). XJF = R¿
�Tg�, ½öF = C¿�T�5, Kk���Ú©)V =

⊕
c∈σ(T ) Vc.

½n 9.13(�5C��Ì©)). �T ∈ L(V ). b��F = R�b�Tg�, �F = C�b�T�
5. �σ(T ) = {c1, . . . , ck}, Pi��Vciþ���ÝK. K

T =

k∑
i=1

ciPi,

¿�é?¿f ∈ F [x]k

f(T ) =

k∑
i=1

f(ci)Pi.

y². �Vci�kSIO��ÄBi. KB = (B1, . . . ,Bk)´V�kSIO��Ä, ¿�[T ]B =

diag(c1Id1 , . . . , ckIdk), Ù¥di = dimVci . ,��¡, ?¿α ∈ V���©)�α =
∑k
i=1 αi, Ù

¥αi ∈ Vci . 5¿�V ⊥ci =
⊕

j 6=i Vcj , lPiα = αi. ù`²[Pi]B = diag(δi1Id1 , . . . , δikIdk). Ïd

[f(T )]B = diag(f(c1)Id1 , . . . , f(ck)Idk) =

k∑
i=1

f(ci)[Pi]B =

[
k∑
i=1

f(ci)Pi

]
B

,

=f(T ) =
∑k
i=1 f(ci)Pi. �f = x=�T =

∑k
i=1 ciPi. 2

íØ 9.14. z�Pi�T�õ�ª.

y². �fi ∈ F [x]¦fi(cj) = δij . KPi = fi(T ). 2

Ì©)½n��±^5½ÂT�Ù¦¼ê: XJF�f8S�¹σ(T ), φ : S → F´?¿¼ê,

K�±½Â

φ(T ) =

k∑
i=1

φ(ci)Pi.

~X, XJT��½, Kσ(T ) ⊂ [0,+∞), l�±½Â

√
T =

k∑
i=1

√
ciPi.

·K 9.15. (1) φ(T )�é�z, ¿�σ(φ(T )) = φ(σ(T )).

(2) �F = R�, Tg�=⇒ φ(T )g�. �F = C�, T�5=⇒ φ(T )�5.

y². |^þ¡½ny²¥�PÒ, w,k[φ(T )]B = diag(φ(c1)Id1 , . . . , φ(ck)Idk). 2

éuÝ
, b�A ∈ Fn×n�é�z, A = Pdiag(a1, . . . , an)P−1, K�±½Â

φ(A) = Pdiag(φ(a1), . . . , φ(an))P−1.

5¿½Â�a1, . . . , an�üSÚP�À�Ã': �õ�ªf÷vf(ai) = φ(ai), Kφ(A) = f(A).

��A^, ·�y²:

½n 9.16. �T ∈ L(V )��½. K�3�����½
√
T ∈ L(V )÷v(

√
T )2 = T . d�, T�

½⇐⇒
√
T�½.
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y². �35: �T =
∑k
i=1 ciPi´Ì©). Kci ≥ 0. ½Â

√
T =

k∑
i=1

√
ciPi.

K
√
T��½, ¿�(

√
T )2 =

∑k
i=1(
√
ci)

2Pi = T (5¿P 2
i = Pi¿��i 6= j�kPiPj = 0). N´w

ÑT�½⇐⇒
√
T�½.

��5: �N,N ′��½¿�N2 = N ′2 = T . �ÄÌ©)N =
∑k
i=1 ciPi, N

′ =
∑k′

i=1 c
′
iP
′
i ,

Ù¥ci, c′i ≥ 0. K
∑k
i=1 c

2
iPi = T =

∑k′

i=1(c′i)
2P ′i . l{c21, . . . , c2k} = σ(T ) = {(c′1)2, . . . , (c′k′)

2}.
ùíÑk′ = k¿�#üS�kci = c′i. y3k

∑k
i=1 c

2
iPi = T =

∑k
i=1(ci)

2P ′i . ùíÑIm(Pi) =

Ker(T − c2i id) = Im(P ′i ). lPi = P ′i . ÏdN = N ′. 2

5¿�é?¿T ∈ L(V ), T ∗T��½. Ïd�±�ÄN :=
√
T ∗T . N�A��¡�T�ÛÉ

�(singular value), 3éõ�¡k��A^.

Ún 9.17. �T ∈ L(V ), N =
√
T ∗T . K

‖Tα‖ = ‖Nα‖, ∀α ∈ V.

AO/, Ker(T ) = Ker(N).

y².

‖Nα‖2 = 〈Nα,Nα〉 = 〈N2α, α〉 = 〈T ∗Tα, α〉 = 〈Tα, Tα〉 = ‖Tα‖2.

2

½n 9.18(4©)½Cartan©)). �T ∈ L(V ). K�3jC�U(�F = R����C�)Ú�

����½C�N÷vT = UN . T�_⇐⇒ N�½, d�U���.

y². ��5: �T = UN , Uj, N��½. KT ∗ = N∗U∗ = NU∗. u´T ∗T = (NU∗)(UN) =

N2. 5¿�T ∗T��½. ¤±N =
√
T ∗T��. w,kT�_⇐⇒ N�_⇐⇒ N�½. d�U =

TN−1���.

�35: �N =
√
T ∗T . duKer(T ) = Ker(N), ¤±�3U1 ∈ L(Im(N), Im(T ))÷vT =

U1N . du‖U1Nα‖ = ‖Tα‖ = ‖Nα‖,¤±é?¿β ∈ Im(N)k‖U1β‖ = ‖β‖,=U1��Ý,l�

SÈ. 25¿�dim Im(N) = dim Im(T ), ¤±U1´SÈ�m�Ó�. 2?�SÈ�m�Ó�U2 :

Im(N)⊥ → Im(T )⊥. KU := U1 ⊕ U2 : V → V�´SÈ�m�Ó�(�±�Im(N)ÚIm(N)⊥�I

O��Ä5w), lj. 2

íØ 9.19(ÛÉ�©)). �A ∈ Fn×n. K�3�Ké�Ý
DÚjÝ
(�F = R����Ý

)U1, U2÷vA = U1DU2.

y². d4©), �3jÝ
UÚ��½Ý
N÷vA = UN . �N = V DV −1, Ù¥Vj, D�

Ké�. KA = UV DV −1. �U1 = UV , U2 = V −1=�. 2

íØ 9.20. �T ∈ L(V )�_. KTrV�,���ÄN���Ä, =�3��Ä{α1, . . . , αn}¦
�{Tα1, . . . , Tαn}�´��Ä.

y². �T = UN , Uj, N�½. �kSIO��ÄB = {α1, . . . , αn}¦�[N ]B�é�,

=Nαi = ciαi, ci > 0. KTαi = UNαi = ciUαi. w,{Uα1, . . . , Uαn}´IO��Ä. ¤

±{c1Uα1, . . . , cnUαn}´��Ä. 2
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§9.4 �5C��?�Ú5�

�!�Ì�8���´?Ø¢�5C��5�. ·�òy²:

½n 9.21. �V´k��¢SÈ�m, T ∈ L(V )�5. K�3V�kSIO��ÄB¦�

[T ]B = diag

(
a1, . . . , al, r1

[
cos θ1 − sin θ1

sin θ1 cos θ1

]
, . . . , rm

[
cos θm − sin θm

sin θm cos θm

])
,

Ù¥ai ∈ R, rj > 0, θj ∈ (0, π).

N´wÑ, T��⇐⇒ ai = ±1¿�rj = 1. Ïd��:

íØ 9.22. �V´k��¢SÈ�m, T ∈ L(V )��. K�3V�kSIO��ÄB¦�

[T ]B = diag

(
Il1 ,−Il2 ,

[
cos θ1 − sin θ1

sin θ1 cos θ1

]
, . . . ,

[
cos θm − sin θm

sin θm cos θm

])
,

Ù¥θj ∈ (0, π).

e¡�íØ�´w,�.

íØ 9.23. �A ∈ Rn×n.

(1) XJA�5, KA���qu½n9.21¥�Ý
.

(2) XJA��, KA���quíØ9.22¥�Ý
. 2

·��Ñ½n9.21�n�y²,©O|^�5C���ü5!O�Ì�©)Ú'�A�õ�

ª. cü�y²��þ´�d�. �´, �
0�y²L§¥�
k¿g�¥m(J, ·��Ñ

z�y²�[!. ¢Sþ, ·�Ø�÷vu¥m(Jéy²½nk^, ´�Ñ����/ª.

3�!¥, XJ��Ù¦`², ·�o´b�F = R½C, V´Fþ�k��SÈ�m.

1��y²|^�5C���ü5. ·�ky²:

Ún 9.24. �T ∈ L(V )�5, W ⊂ V´ØCf�m. KTW�5.

y². ·���, W�´T ∗-ØCf�m. é?¿α, β ∈W , k

〈(TW )∗α, β〉 = 〈α, TWβ〉 = 〈α, Tβ〉 = 〈T ∗α, β〉.

duT ∗α ∈W , ¤±(TW )∗α = T ∗αé?¿α ∈W¤á, =(TW )∗ = (T ∗)W . ùíÑ

TW (TW )∗ = TW (T ∗)W = (TT ∗)W = (T ∗T )W = (T ∗)WTW = (TW )∗TW ,

¤±TW�5. 2

Ún 9.25. �T ∈ L(V )�5. KV�©)�ØCf�m����ÚV =
⊕k

i=1 Vi¦�z�TViü

�5.

y². Ø�b�TØü, =�3�²�ØCf�mW ⊂ V . duT�5, W⊥�´ØCf�m.

dÚn9.24, TWÚTW⊥�5. dudimW, dimW⊥ < dimV , édimV^8B{, �±b�Ún

éTWÚTW⊥¤á. ùíÑÚnéT�¤á. 2

dÚn9.25, ·��I�	ü�5C�.

Ún 9.26. �V´k��¢SÈ�m, T ∈ L(V )ü�5. b�dimV > 1. KdimV = 2, ¿��

3r > 0, θ ∈ (0, π)ÚV�kSIO��ÄB¦�

[T ]B = r

[
cos θ − sin θ

sin θ cos θ

]
.

56



Ù¥rÚθ�T��û½.

y². dTü��fT´R[x]¥��õ�ª. dimV > 1íÑdeg fT > 1. ÏdfT = (x− c)(x− c̄),
Ù¥c ∈ C r R. AO/, dimV = deg fT = 2. �V�kSIO��ÄB = {α1, α2}. K[T ]B�

5, lj�qudiag(c, c̄). Pr = |c| > 0. KA := r−1[T ]Bj�qujÝ
diag(r−1c, r−1c̄), l

A�´jÝ
. A´¢Ý
, ¤±A��. d	�kdet(A) = (r−1c)(r−1c̄) = 1. Ïd�U

kA =

[
cos θ − sin θ

sin θ cos θ

]
, Ù¥θ ∈ [0, 2π). 5¿�Tü=⇒ TÃA��þ=⇒ 〈Tα1, α2〉 6= 0. 7�

�^−α2O�α2, Ø��〈Tα1, α2〉 > 0. r sin θ = [T ]B�(2, 1)-�= 〈Tα1, α2〉. ¤±sin θ > 0,

=θ ∈ (0, π). ,	, r > 0Úθ ∈ (0, π)3�g�����S�Ý
rA�A�õ�ª��û½, Ï

d�T��û½. 2

½n9.21�1��y². dÚn9.25,�3���Ú©)V =
⊕k

i=1 Vi¦�z�TViü�5. dÚ

n9.26, Ø���1 ≤ i ≤ l�dimVi = 1, �1 ≤ j ≤ m�dimVl+j = 2, Ù¥l+m = k. é1 ≤ i ≤ l,
?�Vi�kSIO��ÄBi. é1 ≤ j ≤ m, �Vl+j�kSIO��ÄBl+j¦�

[TVl+j ]Bl+j = rj

[
cos θj − sin θj

sin θj cos θj

]
,

Ù¥rj > 0, θj ∈ (0, π). KV�kSIO��ÄB = (B1, . . . ,Bk)÷v½n��¦. 2

1��y²|^O�Ì�©). ·�ky²���5C��A�5�.

·K 9.27. �T ∈ L(V ). KKer(T )⊥ = Im(T ∗), Im(T )⊥ = Ker(T ∗).

y².

α ∈ Ker(T )⇐⇒ 〈Tα, β〉 = 0,∀β ∈ V

⇐⇒ 〈α, T ∗β〉 = 0,∀β ∈ V

⇐⇒ α ∈ Im(T ∗)⊥.

¤±Ker(T ) = Im(T ∗)⊥. ü>���Ö=�1��(Ø, ^T ∗O�T=�1��(Ø. 2

5 9.4. þ�·K�±����þk���5�m�(ØKer(T )0 = Im(T t), Im(T )0 = Ker(T t)�

'�.

·K 9.28. �T ∈ L(V ). Kσ(T ∗) = σ(T ),¿�éc ∈ σ(T )kdim Ker(T ∗− c̄I) = dim Ker(T −cI).

y². éc ∈ Fk(T − cI)∗ = T ∗ − c̄I. ¤±Ker(T − cI)⊥ = Im(T ∗ − c̄I). Ïd

dim Ker(T − cI) = n− dim Ker(T − cI)⊥ = n− dim Im(T ∗ − c̄I) = dim Ker(T ∗ − c̄I).

ùíÑ

c ∈ σ(T )⇐⇒ dim Ker(T − cI) 6= 0⇐⇒ dim Ker(T ∗ − c̄I) 6= 0⇐⇒ c̄ ∈ σ(T ∗).

Ïdσ(T ∗) = σ(T ). 2

e¡?Ø�5C�.

·K 9.29. �T ∈ L(V )�5, Ké?¿c ∈ FkKer(T − cI) = Ker(T ∗ − c̄I). AO/, Ker(T ∗) =

Ker(T ), lKer(T ) = Im(T )⊥.

y². PW = Ker(T − cI). K(T ∗)W = (TW )∗ = (c idW )∗ = c̄ idW . ù`²Ker(T − cI) ⊂
Ker(T ∗ − c̄I). d�ê��=��ª. (��±rTÚc©OO��T ∗Úc̄wÑ�L5��¹'X.)

2
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5 9.5. ����y{´|^‖Tα‖ = ‖T ∗α‖:

‖Tα‖2 = 〈Tα, Tα〉 = 〈α, T ∗Tα〉 = 〈α, TT ∗α〉 = 〈T ∗α, T ∗α〉 = ‖T ∗α‖2.

5 9.6. Öþk�Ún`: �T ∈ L(V )�5,KT 2α = 0 =⇒ Tα = 0. y²Xe: dKer(T )⊥Im(T )�Tα ∈
Ker(T ) ∩ Im(T ) = {0}. ¯¢þùé?Û�ü�TÑ¤á: T 2α = 0 =⇒ pα|x2. �T�üíÑpTÃ

²�Ïf, lpαÃ²�Ïf. Ïdpα|x, =Tα = 0.

·����5C��A�f�mp���. ù�±í2Xe:

·K 9.30. �T ∈ L(V )�5, f, g ∈ F [x]p�. KKer(f(T ))�Ker(g(T ))��.

y². PW = Ker(f(T )), §´g(T )�ØCf�m. du�3a, b ∈ F [x]÷vaf + bg = 1, ¤

±idW = a(T )W f(T )W + b(T )W g(T )W = b(T )W g(T )W ,u´g(T )W�_. ÏdW ⊂ Im(g(T )). N

´wÑg(T )�5(|^g(T )∗ = ḡ(T ∗)). ¤±Im(g(T ))⊥Ker(g(T )). nÜå5=�W⊥Ker(g(T )).

2

5 9.7. aq�±y²,é?¿F ,?¿T ∈ L(V ),XJf, g ∈ F [x]p�,KKer(f(T ))∩Ker(g(T )) =

{0}.

·K 9.31. �T ∈ L(V )�5.

(1) T�O�©)´���Ú©).

(2) T�Ì�©)�±�����Ú©).

(3) T�O�Ì�©)�±�����Ú©).

y². (1) dþ�·Kw,.

(2) édimV�8B. �α1 ∈ V¦pα1
= pT . K(Rα1)⊥´ØCf�m. éT(Rα1)⊥^8Bb�

=�.

(3) d(1)Ú(2), w,. (k�O�©), 2éz�O�©þ���Ì�©).) 2

Ún 9.32. �V´k��¢SÈ�m, T ∈ L(V )�5O�Ì�.b�dimV > 1. KdimV = 2,¿

��3r > 0, θ ∈ (0, π)ÚV�kSIO��ÄB¦�

[T ]B = r

[
cos θ − sin θ

sin θ cos θ

]
.

y². dÚn9.26, �Iy²Tü. dTO�Ì���fT = pT�R[x]¥�õ�ª��. T�

5=⇒ T�ü, ¤±pT3R[x]¥Ã²�Ïf. ÏdfT´R[x]¥��õ�ª, lTü. 2

½n9.21�1��y². ����O�Ì�©)V =
⊕k

i=1 Vi. Kz�TVi�5. Ù{aqu1

��y². 2

e¡�½n9.21�1n�y²�O�. £Áü�¢�
XJ3Cþ�q, K§�3Rþ�q.

j�q����q�kaq�'X.

½n 9.33. XJA,B ∈ Rn×nj�q, K§����q.

ky²:

Ún 9.34(jÝ
�QS©)). é?¿U ∈ U(n), �3Q ∈ O(n)ÚS ∈ U(n)÷v:

• U = QS,

• �3f ∈ C[x]÷vS = f(U tU).
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5¿S´é¡jÝ
. Ún�(JÚy²�±�4©)�'�.

y². �σ(U tU) = {c1, . . . , ck}. �f ∈ C[x]÷vf(ci)
2 = ci. �S = f(U tU). ·�äóS ∈ U(n),

¿�S2 = U tU . ¯¢þ, d|ci| = 1íÑ|f(ci)| = 1. XJ

U tU = Pdiag(c1Id1 , . . . , ckIdk)P−1,

Ù¥P ∈ U(n), K

S = Pdiag(f(c1)Id1 , . . . , f(ck)Idk)P−1 ∈ U(n),

¿�

S2 = Pdiag(f(c1)2Id1 , . . . , f(ck)2Idk)P−1 = U tU.

�Q = US−1 ∈ U(n). 5¿�S = f(U tU)íÑSt = S. ¤±

QQ−1 = UStSU−1 = (U t)−1S2U−1 = (U t)−1(U tU)U−1 = I,

=Q = Q, lQ ∈ O(n). 2

½n9.33�y². �B = UAU−1, U ∈ U(n). ü>�E�Ý, �B = UAU t. dUAU−1 =

UAU t�A�U tU���. dÚn, ��U = QS, Ù¥Q ∈ O(n), S = f(U tU) ∈ U(n), f ∈ C[x].

KA�S���. l

B = UAU−1 = QSAS−1Q−1 = QAQ−1.

ÏdA�B���q. 2

5¿ÖþP356�íØ(=�5Ý
j�quÙknIO/)´��(ùòíÑHermiteÝ
�

knIO/´Hermite�, ù²wØé). �§e¡�ü�(Ø´é�(=knIO/�Ó�E(½

¢)�5Ý
j(½��)�q), ��\rXe:

·K 9.35. �F = R½C, A,B ∈ Fn×n�5. TFAE:

(1) A�Bj�q(F = C�)½���q(F = R�).

(2) A�B3Fþ�q.

(3) fA = fB .

y². “(1)=⇒(2)”Ú“(2)=⇒(3)”w,. �Iy²“(3)=⇒(1)”. kb�F = C. KA,B©Oj�

qué�Ý
D1, D2. fA = fBíÑfD1
= fD2

. ÏdD1�D23üé�����, lj�q.

ùíÑA�Bj�q. 2b�F = R. d®²y²�F = C��¹, A�Bj�q. 2d½n9.33,

A�B���q. 2

íØ 9.36. �F = R½C, A ∈ Fn×n�5. KA�ATj�q(F = C�)½���q(F = R�).

y². �I5¿�AT�5¿�fA = fAT . 2

íØ 9.37. �V´Fþ�k��SÈ�m, T ∈ L(V )�5. �A ∈ Fn×n�5. XJfA = fT ,K�

3V�kSIO��ÄB¦�[T ]B = A.

y². �y²F = R��¹. F = C��¹aq. ?�V�kSIO��ÄB0. �A0 = [T ]B0
.

KA0�5, ¿�fA0
= fA. ÏdA0�A���q. 

{[T ]B | B´V�kSIO��Ä} = {P−1A0P | P��}.

Aáu��8Ü, ¤±�áuc�8Ü. 2
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½n9.21�,�y². fT3R[x]¥�±©)�

fT =

k∏
i=1

(x− ai)
m∏
j=1

(x2 − (2rj cos θj)x+ r2
j ),

Ù¥ai ∈ R, rj > 0, θj ∈ (0, π). �

A = diag

(
a1, . . . , ak, r1

[
cos θ1 − sin θ1

sin θ1 cos θ1

]
, . . . , rm

[
cos θm − sin θm

sin θm cos θm

])
.

KfA = fT . dþ�íØ, �3V�kSIO��ÄB¦�[T ]B = A. 2

��2y²���5C��5�.

·K 9.38. �T ∈ L(V )�5, S ∈ L(V )�T���. KS�T ∗���.

y². kb�F = C. �σ(T ) = {c1, . . . , ck}. �f ∈ C[x]÷vf(ci) = c̄i. �V�kSIO��

ÄB¦�[T ]B = Dé�. K

[f(T )]B = f([T ]B) = [T ]∗B = [T ∗]B.

ùíÑf(T ) = T ∗. dd=�(Ø.

2b�F = R. ?�V�kSIO��ÄB. KA := [T ]B�5, ¿�B := [S]B�A���. �

Iy²B�A∗ = [T ∗]B���.Àù
Ý
�EÝ
. 3CnþD�IOSÈ.KLA ∈ L(Cn)�5,

¿��LB ∈ L(Cn)���. d®²y²�F = C��¹, LB�(LA)∗ = LA∗���, =B�A∗�

��. 2

e¡�(J3ÖþÑy
ng.

·K 9.39. �V´?¿�þ�k���5�m, T ∈ L(V ). �V =
⊕k

i=1 Vi´O�©), W ⊂ V´
ØCf�m. K

W =

k⊕
i=1

(W ∩ Vi).

AO/, XJW ∩ V1 = {0}, KW ⊂
⊕k

i=2 Vi.

y². �ÄTW�O�©)¿5¿pTW |pT=�. 2
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1�Ù V�5/ª

§10.1 V�5/ª

ë�ùÂ5.2Ú5.6!.

�F´?¿�, V´k��F -�5�m, f ∈M2(V )), B = {α1, . . . , αn}´V�kSÄ.¡(i, j)-

��f(αi, αj)�n��
�f3Be�Ý
,P�[f ]B (5¿�c¡Ø��,ùp�[f ]B´c¡�[f ]tB).

éu

α =
∑
i

xiαi, β =
∑
j

yjαj ∈ V,

k

f(α, β) = f(
∑
i

xiαi,
∑
j

yjαj) =
∑
i,j

xiyjf(αi, αj) = [α]tB[f ]B[β]B.

(ù�c¡�f(α, β) = [β]∗B[f ]B[α]B�Ø��.)

Ún 10.1. N�M2(V )→ Fn×n, f 7→ [f ]B´�5Ó�.

y². �5w,.

ü: XJ[f ]B = 0, Kdf(α, β) = [α]tB[f ]B[β]B�f = 0.

÷: é?¿A ∈ Fn×n, f(α, β) = [α]tBA[β]B÷v[f ]B = A. 2

·K 10.2. XJB′ = {α′1, . . . , α′n}´,�|kSÄ, [α′1, . . . , α
′
n] = [α1, . . . , αn]P , K

[f ]B′ = P t[f ]BP.

y². d�k[α]B = P [α]B′ . ¤±

[α]tB′ [f ]B′ [β]B′ = f(α, β) = [α]tB[f ]B[β]B = [α]tB′P
t[f ]BP [β]B′ , ∀α, β ∈ V.

Ïd[f ]B′ = P t[f ]BP . 2

½Â 10.1. A,B ∈ Fn×n¡�´ÜÓ�(congruent), XJ�3P ∈ GLn(F )÷vB = P tAP .

N´wÑ,éuf ∈M2(V ),�V�¤kkSÄ��Ý
���ÜÓ�da,=éA0 = [f ]B0 ,

{[f ]B | B´V�kSÄ} = {P tA0P | P ∈ GLn(F )}.

·K 10.3. �f ∈M2(V ), B = {α1, . . . , αn}´V�kSÄ. ½Â�5N�

Lf , Rf : V → V ∗, Lf (α)(β) = Rf (β)(α) = f(α, β).

Krank(Lf ) = rank(Rf ) = rank([f ]B).

y². PA = [f ]B. Kf(α, β) = [α]tBA[β]B. u´

α ∈ Ker(Lf )⇐⇒ [α]tBA[β]B = 0∀β ⇐⇒ [α]tBA = 0⇐⇒ [α]B ∈ Ker(At).

¤±dim Ker(Lf ) = dim Ker(At). ùíÑrank(Lf ) = rank(A). aq/,

β ∈ Ker(Rf )⇐⇒ [α]tBA[β]B = 0∀α⇐⇒ A[β]B = 0⇐⇒ [β]B ∈ Ker(A).

¤±dim Ker(Rf ) = dim Ker(A). ùíÑrank(Rf ) = rank(A). 2

rank(Lf ) = rank(Rf ) = rank([f ]B)¡�f��, P�rank(f).

íØ 10.4. éuf ∈M2(V ), TFAE:
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(1) rank(f) = dimV .

(2) é?¿α ∈ V r {0}, �3β ∈ V¦�f(α, β) 6= 0.

(3) é?¿β ∈ V r {0}, �3α ∈ V¦�f(α, β) 6= 0.

(4) é,�V�kSÄB, [f ]B�_.

(5) é?¿V�kSÄB, [f ]B�_.

y². (2)⇐⇒ Ker(Lf ) = {0} ⇐⇒ rank(Lf ) = dimV ⇐⇒(1).

(3)⇐⇒ Ker(Rf ) = {0} ⇐⇒ rank(Rf ) = dimV ⇐⇒(1).

(4)(½(5))⇐⇒ rank([f ]B) = dimV ⇐⇒(1). 2

÷vùA��d^��f¡��òz�(non-degenerate).

§10.2 é¡!�é¡V�5/ªÚ�g.

½Â 10.2. �f ∈M2(V ).

(1) XJé?¿α, β ∈ Vkf(α, β) = f(β, α), K¡f´é¡�(symmetric).

(2) XJé?¿α, β ∈ Vkf(α, β)+f(β, α) = 0,K¡f´�é¡�(anti-symmetric½shew-symmetric).

(3) XJé?¿α ∈ Vkf(α, α) = 0, K¡f´���(alternating).

·�rVþ�¤ké¡!�é¡Ú��V�5/ª�8Ü©OP�S2(V ), A2(V )ÚΛ2(V ).

w,§�Ñ´M2(V )�f�m.

5 10.1. XJcharF = 2, KS2(V ) = A2(V ). ù«�¹3ùpØ´?Ø�:. ¤±7��b

�charF 6= 2.

·K 10.5. (1) Λ2(V ) ⊂ A2(V ).

(2) XJcharF 6= 2, KΛ2(V ) = A2(V ), ¿�M2(V ) = S2(V )⊕A2(V ).

y². (1) (±c®y) ef��, Ké?¿α, β ∈ Vk

0 = f(α+ β, α+ β) = f(α, α) + f(β, β) + f(α, β) + f(β, α) = f(α, β) + f(β, α).

Ïdf�é¡.

(2) ef�é¡, Ké?¿α ∈ Vk

2f(α, α) = f(α, α) + f(α, α) = 0.

ducharF 6= 2, ùíÑf(α, α) = 0, =f��. d	, ef ∈ S2(V )∩A2(V ), Kf(α, β) = f(β, α) =

−f(α, β), lf = 0. ,��¡, é?¿f ∈M2(V ), �

f1(α, β) =
1

2
(f(α, β) + f(β, α)), f2(α, β) =

1

2
(f(α, β)− f(β, α)).

Kf1 ∈ S2(V ), f2 ∈ A2(V ), ¿�f = f1 + f2. ÏdM2(V ) = S2(V )⊕A2(V ). 2

·K 10.6. �B´kSÄ.

(1) fé¡⇐⇒ [f ]Bé¡.

(2) f�é¡⇐⇒ [f ]B�é¡.

(3) f��⇐⇒ [f ]B�é¡¿�é���0(ù«Ý
¡�´���).

y². “=⇒”éun«�¹Ñ´w,�. e¡y²“⇐=”. PA = [f ]B.
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(1) b�Aé¡. K

f(α, β) = [α]tBA[β]B = ([α]tBA[β]B)t = [β]tBA[α]B = f(β, α).

(2) b�A�é¡. K

f(α, β) = [α]tBA[β]B = ([α]tBA[β]B)t = −[β]tBA[α]B = −f(β, α).

(3) b�A�é¡¿�é���0. P[α]B = X = (x1, . . . , xn)t. K

f(α, α) = XtAX =

n∑
i=1

Aiix
2
i +

∑
1≤i<j≤n

(Aij +Aji)xixj = 0.

2

½Â 10.3. �q : V → F . XJ�3f ∈M2(V )÷vq(α) = f(α, α), K¡q´Vþ��g..

5¿Fn×1þ��g.Ò´�gàgõ�ª¼ê.

PVþ¤k�g.�8Ü�Q(V ). §3²w�$�e�¤�5�m. ·�k÷�5N�Φ :

M2(V )→ Q(V ), Φ(f)(α) = f(α, α).

·K 10.7. �charF 6= 2.

(1) Φ|S2(V ) : S2(V )→ Q(V )´�5Ó�.

(2) (4zð�ª) �q ∈ Q(V ). XJf ∈ S2(V )÷vq(α) = f(α, α), K

f(α, β) =
1

4
(q(α+ β)− q(α− β)). (10.1)

y². (1) w,kKer(Φ) = Λ2(V ). �I5¿�charF 6= 2�kM2(V ) = S2(V )⊕ Λ2(V ).

(2) ·�k

q(α+ β) = f(α+ β, α+ β) = q(α) + q(β) + 2f(α, β),

q(α− β) = f(α− β, α− β) = q(α) + q(β)− 2f(α, β).

dd=�(10.1). 2

ù`², é?¿q ∈ Q(V ), K�3���f ∈ S2(V )÷vΦ(f) = q, f�L�ªd(10.1)�Ñ.

éuV�kSÄB, f3Be�Ý
¡�q3Be�Ý
, P�[q]B. 5¿[q]Bé¡, ¿�

q(α) = [α]tB[q]B[α]B.

�f ∈M2(V )é¡½�é¡. ·�F"ÏéV�kSÄB¦�[f ]B¿©{ü.

½n 10.8. (1) b�charF 6= 2. XJf ∈ S2(V ), K�3kSÄB¦�[f ]Bé�.

(2) XJf ∈ Λ2(V ), K�3kSÄB¦�

[f ]B = diag

([
0 1

−1 0

]
, . . . ,

[
0 1

−1 0

]
, 0, . . . , 0

)
.

5 10.2. XJ�3kSÄB¦�[f ]Bé�, K[f ]Bé¡, lfé¡.

ky²:

Ún 10.9. �f ∈M2(V )é¡½�é¡, W ⊂ V´f�m,

W⊥ := {β ∈ V | f(α, β) = 0,∀α ∈W}.

b�f |W�òz. KV = W ⊕W⊥. ¿�XJB1, B2©O´WÚW⊥�kSÄ, B = (B1,B2), K

[f ]B = diag([f |W ]B1
, [f |W⊥ ]B2

).
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y². ·�k

W⊥ = {β ∈ V | Lf (α)(β) = 0,∀α ∈W} =
⋂
α∈W

Ker(Lf (α)) = Lf (W )0.

Ïd

dimW⊥ = dimLf (W )0 = dimV − dimLf (W ) ≥ dimV − dimW.

,��¡, f |W�òz=⇒ W ∩W⊥ = {0}. üö(Üå5, �V = W ⊕W⊥. �
��[f ]B�L

�ª, �I`²é?¿α ∈ B1Úβ ∈ B2kf(α, β) = f(β, α) = 0. f(α, β) = 0dW⊥�½Â´w,

�. ddÚf�é¡5½�é¡5, =�f(β, α) = 0. 2

½n10.8�y². édimV^8B{. dimV = 1�w,. b�dimV = n > 1, ¿�½n

�dimV < n¤á. Ø��f 6= 0. e¡éü«�¹©Oy².

(1) ducharF 6= 2, d·K10.7(1), Φ(f)�", =�3α ∈ V÷vf(α, α) 6= 0. �W = Fα.

Kf |W�òz. dÚn10.9, dimW⊥ = n−1. ld8Bb�,�3W⊥�kSÄB2¦[f |W⊥ ]B2é

�. �W�kSÄB1 = {α}ÚV�kSÄB = (B1,B2), K[f ]B = diag([f |W ]B1 , [f |W⊥ ]B2)é�.

(2) df 6= 0íÑ�3�5Ã'�α, β ∈ V÷vf(α, β) = 1. �W = span{α, β}, B1 = {α, β}.

K[f |W ]B1
=

[
0 1

−1 0

]
. lf |W�òz. dÚn10.9, dimW⊥ = n − 2. ld8Bb�, �

3W⊥�kSÄB2¦[f |W⊥ ]B2
�½n¥�/ª. �B = (B1,B2). K[f ]B = diag([f |W ]B1

, [f |W⊥ ]B2
)�

�½n¥�/ª. 2

�òz���V�5/ª¡�"/ª.

íØ 10.10. �Vþ�3"/ª. KdimV�óê, ¿��3kSÄB¦�

[f ]B =

[
0 Im

−Im 0

]
.

y². é½n10.8(2)¥�kSÄ#üS=�. 2

íØ 10.11. �charF 6= 2, A ∈ Fn×n.

(1) XJAé¡, KAÜÓué�Ý
.

(2) XJA�é¡, KAÜÓu/X

diag

([
0 1

−1 0

]
, . . . ,

[
0 1

−1 0

]
, 0, . . . , 0

)
�Ý
.

5 10.3. �charF = 2�, (1)Ø¤á. ~Xd�

[
0 1

1 0

]
ØÜÓué�Ý
. d�, (2)é�é¡

¿�é���0�Ý
¤á.

5 10.4. ��Ý
(QØé¡�Ø�é¡)�ÜÓIO/¯K'�E,. �Horn & Johnson.

�e5·�éAÏ��F?�Ú?Øé¡V�5/ª�Ý
.

½n 10.12. �f ∈ S2(V ).

(1) XJF´�ê4�¿�charF 6= 2(~XF = C), K�3V�kSÄB¦�[f ]B = diag(Ir, 0),

Ù¥r = rank(f).

(2) XJF = R, K�3V�kSÄB¦�[f ]B = diag(Ir1 ,−Ir2 , 0), ¿�r1, r2�fû½.
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y². (1) ducharF 6= 2, d½n10.8(1), �3kSÄB0 = {α1, . . . , αn}¦�

[f ]B0
= diag(f(α1, α1), . . . , f(αn, αn)).

éα1, . . . , αn#üS, Ø��f(αi, αi) 6= 0⇐⇒ 1 ≤ i ≤ r. duF´�ê4�, �1 ≤ i ≤ r�, �

±�ci ∈ F÷vc2i = f(αi, αi). �B = {c−1
1 α1, . . . , c

−1
r αr, αr+1, . . . , αn}. K[f ]B = diag(Ir, 0).

(2) �(1)�y²aq, �3kSÄB0 = {α1, . . . , αn}¦�

[f ]B0
= diag(f(α1, α1), . . . , f(αr, αr), 0, . . . , 0),

¿�é,�0 ≤ r1 ≤ rk

1 ≤ i ≤ r1 =⇒ f(αi, αi) > 0,

r1 + 1 ≤ i ≤ r =⇒ f(αi, αi) < 0.

�1 ≤ i ≤ r�, ½Âci =
√
|f(αi, αi)|. �B = {c−1

1 α1, . . . , c
−1
r αr, αr+1, . . . , αn}. K[f ]B =

diag(Ir1 ,−Ir2 , 0), Ù¥r2 = r − r1.

y3�V�kSÄB = {α1, . . . , αn}÷v[f ]B = diag(Ir1 ,−Ir2 , 0). ·�y²r1, r2�fû½.

�¦�f |W�½��ê���f�mW ⊂ V . PV1 = span{α1, . . . , αr1}, V2 = span{αr1+1, . . . , αn}.
5¿�:

f |V1
'uV1�Ä{α1, . . . , αr1}�Ý
�Ir1 =⇒ f |V1

�½ =⇒ r1 = dimV1 ≤ dimW,

f |V2'uV2�Ä{αr1+1, . . . , αn}�Ý
�diag(−Ir2 , 0) =⇒ f |V2�K½

=⇒ V2 ∩W = {0}

=⇒ r1 = n− dimV2 ≥ dimW.

Ïdr1 = dimW�fû½. aq�y²r2�fû½. 2

½n10.12(2)¡�Sylvester.5½n(Sylvester’s law of inertia). ùp“.5”�c�r1, r2�fû

½, �Ôn¥�“.5”vk��'X. r1 �r2©O¡�f��.5�ê(positive index of inerti-

a)ÚK.5�ê(negative index of inertia). êé(r1, r2)¡�f�ÎÒ(signature)1. �±y², é

?ÛV�kSÄB, r1(½r2)�ué¡Ý
[f ]B��(½K)A���ê�Ú. 5¿ù
½Â�

éfp���g.·^.

5 10.5. dÌ¶½n, ½n10.12(2)¥�B�±��('u?ÛSÈ�)��Ä.

íØ 10.13. �A ∈ Fn×né¡.

(1) XJF = C, KAÜÓudiag(Ir, 0). AO/, ?ÛGLn(C)¥�é¡Ý
/XP tP .

(2) XJF = R, KAÜÓudiag(Ir1 ,−Ir2 , 0), Ù¥r1, r2�Aû½.

5 10.6. • éuíØ10.13(2),d���q�(J,�3P���Ý
¦�é�Ý
,¦�P tAP =

diag(Ir1 ,−Ir2 , 0).

§10.3 V�5/ª�gÓ�+

�V´n�F -�5�m, f ∈M2(V ). P

Aut(V, f) = {T ∈ GL(V ) | f(Tα, Tβ) = f(α, β),∀α, β ∈ V }.

w,Aut(V, f)´GL(V )�f+, ¡�f½(V, f)�gÓ�+. éuÝ
��¹, �A ∈ Fn×n. N´

13k�©z¥, f�ÎÒ½Â�r1 − r2.
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�y,

GA := {M ∈ GLn(F ) |M tAM = A}

´GLn(F )�f+.

Ún 10.14. �f ∈M2(V ), B´V�kSÄ, A = [f ]B. KéuT ∈ GL(V ), kT ∈ Aut(V, f)⇐⇒
[T ]B ∈ GA. AO/, k+Ó�Aut(V, f) ∼= GA.

y². PM = [T ]B. duf(α, β) = [α]tBA[β]B, [Tα]B = M [α]B, ¤±

T ∈ Aut(V, f)⇐⇒ f(Tα, Tβ) = f(α, β),∀α, β ∈ V

⇐⇒ [Tα]tBA[Tβ]B = [α]tBA[β]B,∀α, β ∈ V

⇐⇒ [α]tBM
tAM [β]B = [α]tBA[β]B,∀α, β ∈ V

⇐⇒M tAM = A

⇐⇒M ∈ GA.

2

~ 10.1. b�fé¡�òz. PO(V, f) := Aut(V, f), ¡�f½(V, f)���+. XJcharF 6= 2,

KT´f�gÓ�⇐⇒ T´fp���g.�gÓ�. P

On(F ) := GI = {M ∈ GLn(F ) |M tM = I},

¡��Fþ�n���+. XJF´�ê4�¿�charF 6= 2(~XF = C), K�3B÷v[f ]B =

I. d�Aut(V, f) ∼= On(F ). XJF = R, K�3B÷v[f ]B = Ip,q := diag(Ip,−Iq), ¿�Î
Ò(p, q)�fû½. d�Aut(V, f)Ó�u

O(p, q) := GIp,q = {M ∈ GLn(R) |M tIp,qM = Ip,q}.

N´wÑ, O(p, q) ∼= O(q, p). �p, qÑ�"�, O(p, q)¡�Ø½��+½���+. O(3, 1)¡

�Lorentz+. 2

~ 10.2. b�f���òz. PSp(V, f) := Aut(V, f), ¡�f½(V, f)�"+. duo�3B÷

v[f ]B = J2m :=

[
0 Im

−Im 0

]
(Ù¥2m = n), ¤±Aut(V, f)Ó�u�Fþ�2m�"+

Sp2m(F ) := GJ2m = {M ∈ GL2m(F ) |M tJ2mM = J2m}.

2
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